
From ADM Geometrodynamics to Ashtekar Connection Dynamics:

A Compact Pedagogical Abstract-Index Derivation

Qian-Rui Lee1

1Physics Department, National Tsing Hua University, Hsinchu 30013, Taiwan

June 9, 2026

Abstract

These notes present a systematic derivation of the Hamiltonian formulation of general
relativity and Ashtekar’s new variables. We begin with the Dirac–Bergmann theory of
constrained Hamiltonian systems, emphasizing how singular Lagrangians give rise to primary
and secondary constraints and why this structure is essential for general relativity. After
establishing the required notation, including Penrose’s abstract index convention and vielbein-
based internal indices, we develop the 3 + 1 decomposition of spacetime in detail. The lapse
function, shift vector, spatial metric, spatial projection, extrinsic curvature, spatial covariant
derivative, and Lie evolution of spatial tensors are introduced as the geometric ingredients
needed to derive the ADM Hamiltonian formulation from the Einstein–Hilbert action.

The ADM canonical variables (hab, π
ab) are then derived explicitly, and the Hamiltonian

and momentum constraints are shown to arise from the consistency of the primary constraints
associated with lapse and shift. Finally, we reformulate the canonical theory using Ashtekar’s
new variables, replacing metric dynamics by connection dynamics through the canonical
pair (Ai

a, E
a
i ). In this language, the gravitational constraints become the Gauss, vector, and

scalar constraints, with the scalar constraint taking a polynomial form after introducing
the densitized lapse. The notes conclude by emphasizing the gauge-theoretic interpretation
of the Ashtekar formulation and the role of the reality conditions required to recover real
Lorentzian general relativity.
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1 Introduction

General relativity is most naturally formulated as a covariant field theory on spacetime. Its
fundamental dynamical object is the metric tensor, and its equations of motion follow from
the Einstein–Hilbert action by varying the spacetime geometry itself [3]. In this Lagrangian
formulation, no preferred notion of time is built into the theory: spacetime is treated as a
four-dimensional geometric entity, and different choices of coordinates or foliations correspond
merely to different descriptions of the same physical geometry. This feature is conceptually
central to general relativity, but it also makes the transition to Hamiltonian mechanics highly
nontrivial.

Hamiltonian mechanics, by contrast, requires a distinguished time parameter. To pass from
a covariant spacetime theory to a canonical theory, one must first decompose spacetime into a
family of spatial hypersurfaces labeled by a time parameter. This is the purpose of the 3 + 1
decomposition [5, 4]. Once a foliation {Σt} is chosen, the spacetime metric can be rewritten
in terms of the lapse function N , the shift vector Na, and the induced spatial metric hab. The
lapse describes how neighboring hypersurfaces are separated in the normal direction, while the
shift describes how the spatial coordinates are displaced tangentially from one hypersurface to
the next. In this way, the problem of spacetime dynamics is reformulated as the evolution of
spatial geometry.

However, the Hamiltonian formulation of general relativity is not simply obtained by applying
the ordinary Legendre transform to the Einstein–Hilbert action. The reason is that the Lagrangian
of general relativity is singular. In the 3 + 1 decomposition, the time derivatives of the lapse and
shift do not appear as genuine dynamical velocities. Consequently, their conjugate momenta
vanish, producing primary constraints. The consistency of these primary constraints under time
evolution then generates secondary constraints. This is precisely the situation described by the
Dirac–Bergmann theory of constrained Hamiltonian systems [1, 2].

The appearance of constraints is not a technical accident, but a direct reflection of the
geometric invariance of general relativity. The lapse and shift are not ordinary dynamical
fields in the same sense as the spatial metric. Instead, they encode the freedom to choose how
spacetime is foliated and how spatial coordinates are transported between hypersurfaces. Their
arbitrariness leads to the Hamiltonian and momentum constraints. The momentum constraint
generates spatial diffeomorphisms on Σt, while the Hamiltonian constraint is associated with
deformations of the hypersurface in the normal direction. Therefore, the canonical Hamiltonian
of general relativity is not a conventional energy function generating evolution with respect to
an absolute external time; rather, it is a sum of constraints weighted by arbitrary lapse and shift
fields.

The ADM formulation makes this structure explicit. The canonical variables are the induced
spatial metric hab and its conjugate momentum πab, which is related to the extrinsic curvature
Kab of the hypersurface. In these variables, the Hamiltonian of vacuum general relativity takes
the constrained form

H[N,Na] =

∫
Σt

d3x
√
h (NC +NaCa) ,
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where C = 0 is the Hamiltonian constraint and Ca = 0 is the momentum constraint [5, 3].
This expression reveals the deep difference between general relativity and ordinary mechanical
systems: the dynamics is entirely governed by constraints. The physical phase space is not
the full space of pairs (hab, π

ab), but the constraint surface modulo the gauge transformations
generated by these constraints.

Despite its conceptual clarity, the ADM formulation has an important drawback. The
Hamiltonian constraint written in terms of (hab, π

ab) is highly nonlinear and non-polynomial.
This becomes a serious obstruction when one attempts to quantize the theory canonically,
because the constraint equations must be promoted to operator equations acting on quantum
states. The complicated form of the ADM constraints, therefore, motivates the search for a
better choice of canonical variables.

Ashtekar’s new variables provide such a reformulation [6, 7, 8]. Instead of using the spatial
metric directly as the configuration variable, one introduces a triad field, or more precisely a
densitized triad Ea

i , which encodes the spatial metric while also carrying an internal SO(3)
gauge freedom. The conjugate configuration variable is then taken to be a complex connection

Ai
a = Γi

a − iKi
a,

where Γi
a is the spin connection compatible with the triad and Ki

a is the triadic form of the
extrinsic curvature. In this formulation, general relativity is rewritten as a theory of connections
rather than a theory of metrics.

The conceptual advantage of Ashtekar’s variables is that gravity begins to resemble a Yang–
Mills gauge theory. The pair (Ai

a, E
a
i ) forms a canonical pair, and the constraints acquire a

much simpler polynomial structure. In addition to the transformed scalar and vector constraints,
the use of triads introduces a Gauss constraint associated with internal SO(3) rotations. Thus,
the canonical formulation of gravity is recast in terms of gauge-theoretic variables: a connection,
its conjugate electric-field-like momentum, and a set of first-class constraints.

The goal of these notes is to derive this chain of ideas in a systematic way. We begin
with the Dirac–Bergmann algorithm for constrained Hamiltonian systems, since it provides the
appropriate mathematical framework for singular Lagrangians. We then examine a simple model
illustrating how missing velocities generate primary and secondary constraints. After that, we
develop the 3+1 decomposition of spacetime, define spatial tensors, spatial covariant derivatives,
extrinsic curvature, and the time evolution of spatial geometry. These ingredients are then used
to derive the ADM canonical variables and the Hamiltonian formulation of the gravitational
field. Finally, we introduce Ashtekar’s new variables and show how the passage from metric
dynamics to connection dynamics simplifies the constraint structure of general relativity.

We do not attempt to review the full development of loop quantum gravity, the Ashtekar–
Barbero real connection, spin networks, holonomy-flux algebras, or the quantum Hamiltonian
constraint. The purpose of these notes is more limited: to give a direct derivation of the classical
transition from ADM geometrodynamics to the original complex Ashtekar connection variables.

2 Dirac-Bergmann Algorithm

The following discussion follows the standard Dirac–Bergmann analysis of singular Lagrangians
and constrained Hamiltonian systems [1, 2]. To describe a system using Hamiltonian mechanics,
we must first find the conjugate canonical momentum corresponding to the generalized coordinate.
Canonical momentum is defined by differentiating the Lagrangian with respect to the generalized
velocity:

pi :=
∂L(q1, . . . , qN , q̇1, . . . , q̇N )

∂q̇i
(1)
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It is expected that there should be a number of generalized velocities for every number of
generalized coordinates, but there may not necessarily be a corresponding number of canonical
momenta. 

p1 =
∂L
∂q̇1

...

pN = ∂L
∂q̇N

(2)

The problem is that the specific form of the Lagrangian directly affects the existence of canonical
momentum. To analyze this problem, we define the mapping matrix from generalized velocity
to canonical momentum as Jij .

Jij :=
∂pi
∂q̇j

=
∂2L

∂q̇iq̇j
(3)

Let’s see a special case L = Aij q̇
iq̇j +Bijq

iq̇j

pi =
∂L

∂q̇i

= Ajk

(
∂q̇j

∂q̇i
q̇k + q̇j

∂q̇k

∂q̇i

)
+Bjkq

j ∂q̇
k

∂q̇i

= 2×
(
1

2
(Aij +Aji)

)
q̇j +Bjiq

j

= 2A(ij)q̇
j +Bjiq

j (4)

Thus, Jij = 2A(ij) and we have a system of N non-homogeneous linear algebraic equations

Jij q̇
j = pi −Bjiq

j , i = 1, . . . , N (5)

If Jij is singular (non-invertible), then not all q̇j can be solved. Suppose that the rank of Jij is
Z and Z < N , we can separate pi into the images of Jij and the complement of the image in the
codomain.

Jij q̇
j = pImage

i −Bjiq
j , i = 1, . . . , Z (6)

Jij q̇
j = pothersi −Bjiq

j = 0, i = Z + 1, . . . , N (7)

The elements not in the image give N − Z ≡M constraints ϕ, and all the constraints form a
sub-manifold (a hypersurface) in the phase space.

ϕi(q, p) = pothersi −Bjiq
j = 0, i = Z + 1, . . . , N (8)

The ϕi(q, p) = 0 determined by Lagrangian L and canonical momentum pi is called the primary
constraint. Now, only for i = 1, . . . , Z q̇i can be solved independently. In other words, the
number of primary constraints corresponds to the number of generalized velocities that cannot
be solved independently.

Given the existence of primary constraints, the consistency of the equations of motion must
be re-examined from the perspective of the principle of least action.
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δS = δ

∫
(q̇ipi −H)dt = 0

⇒
(
q̇i − ∂H

∂pi

)
δpi −

(
ṗi +

∂H

∂qi

)
δqi = 0 (9)

Because δqi and δpi are not all independent, the original Hamiltonian equation does not hold.
That is,

q̇i − ∂H

∂pi
̸= 0, ṗi +

∂H

∂qi
̸= 0 (10)

Now we have N − Z ≡ M constraints, so the dimension of sub-manifold is 2N −M . The
principle of least action must now consider the action reaching its extreme value under M
primary constraints, which results in the need for M Lagrange multipliers.

−
(
ṗi +

∂H

∂qi

)
dqi +

(
q̇i − ∂H

∂pi

)
dpi = λm

∂ϕm
∂qi

dqi + λm
∂ϕm
∂pi

dpi (11)

The corrected equations of motion are as follows:

q̇i =
∂H

∂pi
+ λm

∂ϕm
∂pi

(12)

ṗi = −∂H
∂qi

− λm
∂ϕm
∂qi

(13)

The corresponding Poisson bracket correction is as follows:

ḟ =
∂f

∂qi
q̇i +

∂f

∂pi
ṗi =

∂f

∂qi

(
∂H

∂pi
+ λm

∂ϕm
∂pi

)
− ∂f

∂pi

(
∂H

∂qi
+ λm

∂ϕm
∂qi

)
= {f,H}+ {f, ϕm}λm

(14)

Even if ϕm(q, p) = 0, {f, ϕm} is not necessarily zero, because {f, ϕm} involves the derivative of
ϕm. This means that ϕm is actually zero only on the constraint surface. To show that ϕm is not
zero everywhere in the phase space, we rewrite the constraint as follows:

ϕm(q, p) ≈ 0 (15)

In Eq. (15), ”≈” means that it holds only on the constraint surface. This convention will be
used in the following discussion.

{
q̇i = {qi, H}+ {qi, ϕm}λm

ṗi = {pi, H}+ {pi, ϕm}λm
(16)

Since constraints should not change with evolution, we have the following condition, which we
call the consistency condition.

{ϕm, H}+ {ϕm, ϕn}λn ≈ 0 (17)
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Here we establish some symbolic conventions:


{ϕm, ϕn}λn ≈ −{ϕm, H}
{ϕm, ϕn} ≡ Φmn

−{ϕm, H} ≡ hm

(18)

⇒ Φmnλ
n ≈ hm (19)

If det(Φmn) ≈ 0 is satisfied, but some hm ≠ 0 exist on the constraint surface, then additional
constraints ψu(q, p) ≈ 0 that satisfy hm ≈ 0 must be applied to ensure the consistency condition.
This further constraint is called a secondary constraint. Dirac suggests that if a function on
the constraint surface has zero Poisson brackets with all primary and secondary constraints, it is
called first-class; otherwise, it is called second-class. That is to say, suppose that there are M
primary constraints and U secondary constraints, the first class of function f on the constraint
surface satisfies:

f is first-class

⇒

{
{f, ϕm} ≈ 0 , m = 1, · · · ,M
{f, ψu} ≈ 0 , u = 1, · · · , U

(20)

Since both primary and secondary constraints must maintain the consistency condition on the
constraint surface, we have:

{
{ϕm, H}+ {ϕm, ϕn}λn ≈ 0 , m = 1, · · · ,M
{ψu, H}+ {ψu, ϕn}λn ≈ 0 , u = 1, · · · , U

(21)

From Eq. (21), it is easy to see that if the primary constraint ϕm is a first-class function, then
the Lagrange multiplier λn becomes an unconstrained free parameter. Therefore, an important
conclusion is that the number of free Lagrange multipliers is equal to the number of primary
constraints of the first class.

ϕn is first class, n = 1, · · · , N N ≤M

⇒

{
{ϕm, H}+�����{ϕm, ϕn}λn ≈ 0 , m = 1, · · · ,M
{ψu, H}+�����{ψu, ϕn}λn ≈ 0 , u = 1, · · · , U

(22)

⇒ λn is free, n = 1, · · · , N

The free Lagrange multiplier implies the existence of degrees of freedom that do not affect the
reality of the physical system, namely, gauge degrees of freedom.

Similarly, if the consistency condition of a secondary constraint has a chance of not being
satisfied, a new constraint {ψu, H} ≡ ψ′

v ≈ 0 must be given. This new constraint is also called a
secondary constraint, and it must satisfy the consistency condition once again. Likewise, if the
new secondary constraint is first-class, meaning it shares zero Poisson brackets with all other
primary and secondary constraints, then more free Lagrange multipliers will be given. However,
these gauge degrees of freedom from secondary constraints are not necessarily equivalent to the
gauge degrees of freedom in gauge theory. This will be described in detail later, after introducing
the Hamiltonian formulation of general relativity. Dirac once proposed the conjecture that all
first-class constraints generate gauge transformations, whether primary or secondary. In general
relativity, however, the interpretation of the Hamiltonian constraint is subtler: it generates
normal deformations of the hypersurface and is therefore related both to gauge redundancy and
to the refoliation freedom of spacetime.
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2.1 A Useful Example of the Constraint

Both the Lagrangians of electromagnetic and gravitational fields lack some generalized velocities,
which ultimately lead to the emergence of secondary constraints. Therefore, a simple example
will be used here for discussion. Considering a Lagrangian L with N generalized coordinates (qi),
only the generalized velocity corresponding to the first generalized coordinate (q̇1) is missing.

L = L(q1, qk; q̇k) , k = 2, · · · , N (23)

This leads to the vanishing canonical momentum p1, which also means that q̇1 cannot be solved,
thus satisfying the conditions of the primary constraints. Here we obtain a primary constraint
ϕ(q, p).

p1 =
∂L

∂q̇1
= 0 ⇒ ϕ(q, p) ≡ p1 = 0 (24)

The corresponding Hamiltonian is also not a function of p1.

H =
N∑
k=2

pkq̇
k − L (25)

The corrected Hamiltonian equations of motion of q̇1 and ṗ1 are as follows:


q̇1 = ∂H

∂p1
+ λ ∂ϕ

∂p1
= λ

ṗ1 = − ∂H
∂q1

− λ ∂ϕ
∂q1

= − ∂H
∂q1

(26)

Since the only primary constraint ϕ is a function that depends only on p1, the other equations of
motion are unaffected. Furthermore, this single constraint must satisfy the consistency condition
Eq. (17), meaning that the constraint itself does not change over time. Therefore, we have the
following secondary constraint:

{ϕ,H} = {p1, H} = ṗ1 ≈ 0 ⇒ ∂H

∂q1
≈ 0 (27)

Therefore, the secondary constraint is specified as follows and must also satisfy the consistency
condition.

{
ψ(q, p) ≡ ∂H

∂q1

0 ≈ ψ̇ = {ψ,H}+ {ψ, ϕ}λ
(28)

And we have

{ψ, ϕ} = {ψ, p1} =
∂ψ

∂q1
=

∂2H

(∂q1)2
(29)

An essential and simple special case is that H is linearly dependent on q1, meaning that
when {ψ, ϕ} ≈ 0, if {ψ,H} ≈ 0 also exists, then ψ̇ ≈ 0, and there are no further constraints.
Furthermore, {ϕ, ϕ} ≈ 0 and {ψ, ϕ} ≈ 0 indicate that all constraints are first-class, and
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the Lagrange multiplier λ is free, corresponding to a certain gauge symmetry. In fact, both
electromagnetic and gravitational fields belong to this special case.

Since the subsequent discussion will be formulated in the language of field theory, the focus
shifts from a discrete multi-particle system to fields defined on spacetime. Thus, whenever we
refer to a generalized coordinate, we are referring to an entire field; the same interpretation
applies to generalized velocities and canonical momenta. Likewise, when we speak of a constraint,
we mean a constraint field. A single constraint field naturally implies that the constraint holds
at infinitely many points in spacetime, and therefore it may equivalently be viewed as having
infinitely many individual constraints.

3 Notation and Conventions

In these notes we use Penrose’s abstract index notation, following the standard conventions used
in modern treatments of general relativity [3]. This notation is very close in appearance to the
ordinary component notation, but its meaning is different. The purpose of this section is to
summarize the conventions used throughout the text.

Abstract indices and concrete indices. Lowercase Latin letters

a, b, c, . . .

are used as abstract tensor indices. They do not take numerical values. Instead, they indicate
the tensorial type of an object. For example,

va

denotes a vector field, while
ωa

denotes a covector field. Similarly,
T a

b

denotes a (1, 1)-type tensor field, and
T ab

c

denotes a (2, 1)-type tensor field. The abstract indices a, b, c, . . . should therefore not be
understood as component labels.

By contrast, lowercase Latin letters

i, j, k, . . .

are used as concrete indices. They can take numerical values. In the discussion of vielbeins and
Ashtekar variables, these indices label the internal orthonormal frame. For a three-dimensional
spatial hypersurface Σt, one usually has

i, j, k = 1, 2, 3.

For example, the dual vielbein is written as

eia,

where a is an abstract covector index on the manifold, while i is a concrete internal frame index.
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Tensor type and free-index balance. A tensor of type (k, l) carries k upper abstract indices
and l lower abstract indices. An equation written in abstract index notation must have the same
free abstract indices on both sides. For example,

ua + va = wa

is meaningful, while
ua + vb = wa

is not a well-formed tensor equation, because the free indices are not balanced. The index name
itself is not important; only the pattern of free indices matters. Thus ua and ub both represent
the same vector field, provided the index is free and no contraction is involved.

Repeated abstract indices indicate contraction. For example,

ωav
a

is a scalar, and
T a

bv
b

is a vector. The repeated index must appear once upstairs and once downstairs. Repeated
concrete indices are summed in the ordinary component sense. For example,

δije
i
ae

j
b

means a sum over the internal frame labels i, j.

Tensor products and order of indices. In abstract index notation, tensor products are
expressed by writing indices in the appropriate slots. For example, if ωa and µa are covectors,
then

ωaµb

denotes the tensor product ω ⊗ µ, while
µaωb

denotes µ⊗ ω. In general,
ωaµb ̸= ωbµa,

because the two expressions correspond to different assignments of covectors to tensor slots. The
order of tensor slots is therefore part of the tensorial information.

Metric and raising/lowering of indices. A metric tensor is written as gab, and its inverse
is written as gab. They satisfy

gabgbc = δac.

The metric identifies vectors and covectors:

va = gabv
b, ωa = gabωb.

Although va and va are mathematically different tensor fields, they are naturally associated once
a non-degenerate metric has been chosen. This convention will be used frequently.

For a spatial hypersurface Σt, the induced spatial metric is denoted by

hab,

and its inverse is denoted by
hab.

The corresponding spatial index raising and lowering operations are

va = habv
b, ωa = habωb,

whenever the tensors are purely spatial.
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Coordinate components and coordinate bases. Although abstract indices do not take
numerical values, one may obtain components after choosing a basis. If xµ is a coordinate system,
then the coordinate basis and dual basis are written as(

∂

∂xµ

)a

, (dxµ)a.

For a tensor T a
b, its components in this coordinate basis are defined by

Tµ
ν = (dxµ)aT

a
b

(
∂

∂xν

)b

.

Equivalently, the tensor itself may be reconstructed as

T a
b = Tµ

ν

(
∂

∂xµ

)a

(dxν)b.

Here the Greek labels µ, ν, . . . are ordinary coordinate component indices, while a, b, . . . remain
abstract tensor indices.

Vielbein conventions. When an orthonormal frame is introduced, we use the dual vielbein

eia

and the vielbein
eai.

They satisfy
eiae

a
j = δij .

On a purely spatial manifold Σt, one also has

eiae
b
i = δba.

If the spatial hypersurface is regarded as embedded in spacetime, then the same expression is
understood as the spatial projector,

eiae
b
i = hba.

The spatial metric can be reconstructed from the dual vielbein as

hab = δije
i
ae

j
b.

Similarly, its inverse is
hab = δijeaie

b
j .

Thus the vielbein converts between abstract spatial indices and concrete internal frame indices.
For example,

vi = eiav
a, va = eaiv

i.

Symmetrization and antisymmetrization. Round brackets denote symmetrization with
weight one:

T(ab) :=
1

2
(Tab + Tba) .

Square brackets denote antisymmetrization with weight one:

T[ab] :=
1

2
(Tab − Tba) .
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For more indices,

T(a1···al) :=
1

l!

∑
π

Taπ(1)···aπ(l)
,

and

T[a1···al] :=
1

l!

∑
π

sgn(π)Taπ(1)···aπ(l)
,

where the sum runs over all permutations of 1, . . . , l.
A vertical bar inside brackets means that the enclosed index is excluded from the symmetriza-

tion or antisymmetrization. For example,

T[a|c|b] =
1

2
(Tacb − Tbca) .

This convention is useful when writing expressions such as the torsion-free Cartan equation,

T i
ab = 2∂[ae

i
b] + 2ωi

[a|j|e
j
b].

Here the index j is not antisymmetrized; only the abstract indices a, b are.

Useful algebraic rules for brackets. The bracket notation is not only a definition of
symmetric and antisymmetric parts, but also a useful computational device. We summarize
several identities that will be used repeatedly.

First, brackets are inherited through contractions. For example, if Sa1···al is totally antisym-
metric, then only the totally antisymmetric part of Ta1···al contributes to the contraction:

Ta1···alS
[a1···al] = T[a1···al]S

a1···al = T[a1···al]S
[a1···al].

Similarly, if Sa1···al is totally symmetric, then

Ta1···alS
(a1···al) = T(a1···al)S

a1···al = T(a1···al)S
(a1···al).

In words, when a tensor is contracted with a totally antisymmetric tensor, the symmetric part
of the other tensor is irrelevant; when it is contracted with a totally symmetric tensor, the
antisymmetric part is irrelevant.

Second, nested brackets of the same type may be removed. For example,

T[[ab]c] = T[abc],

where

T[[ab]c] :=
1

2

(
T[abc] − T[bac]

)
.

Similarly, nested round brackets may be removed:

T((ab)c) = T(abc).

Thus repeated symmetrization or antisymmetrization over the same set of indices does not
produce a new operation.

Third, symmetrizing and antisymmetrizing over the same set of indices gives zero. For
example,

T[(ab)c] = 0, T(a[bcd]) = 0.

The reason is that a tensor cannot be simultaneously symmetric and antisymmetric in the same
pair of indices unless that part vanishes.
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Fourth, the contraction between a totally symmetric tensor and a totally antisymmetric
tensor over the same indices vanishes:

T (abc)S[abc] = 0.

More generally,
T (a1···al)S[a1···al] = 0.

This identity is frequently useful when simplifying curvature and torsion expressions.
Finally, if a tensor is already totally symmetric, then its totally antisymmetric part vanishes:

Ta1···al = T(a1···al) =⇒ T[a1···al] = 0.

Conversely, if a tensor is already totally antisymmetric, then its totally symmetric part vanishes:

Ta1···al = T[a1···al] =⇒ T(a1···al) = 0.

For instance,
Tab = T(ab) =⇒ T[ab] = 0,

and
Tab = T[ab] =⇒ T(ab) = 0.

These rules will be used freely in later calculations. For example, the symmetry of the
extrinsic curvature,

Kab = K(ab),

immediately implies
K[ab] = 0.

Likewise, for the exterior product of two one-forms,

(α ∧ β)ab = 2α[aβb],

only the antisymmetric part in the abstract indices a, b is relevant.

Exterior products. For one-forms αa and βa, the exterior product is

(α ∧ β)ab = 2α[aβb] = αaβb − αbβa.

More generally, exterior products are always antisymmetrized over the relevant covariant indices.
This convention is consistent with the Cartan structure equation

T i
ab = dae

i
b + ω i

a j ∧ e
j
b.

Covariant derivative and spin connection. The spacetime covariant derivative is denoted
by

∇a.

After a 3 + 1 decomposition, the spatial covariant derivative compatible with hab is denoted by

Da.

When a vielbein is used, the spin connection is written as

ω i
a j .
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It carries one abstract covector index a and two concrete internal indices i, j. Metric compatibility
in the internal orthonormal frame implies

ω i
a j = −ω j

a i.

Equivalently, the spin connection is valued in the Lie algebra of the internal rotation group.
In two dimensions it is so(2)-valued, while for the spatial triad in Ashtekar’s formulation it is
so(3)-valued.

The vielbein compatibility condition is written as

Dae
i
b = 0,

or more explicitly,
∂ae

i
b + ωi

aje
j
b − Γc

abe
i
c = 0.

This equation determines the spin connection associated with a given vielbein and spatial metric.
It is the same geometric object that later enters Ashtekar’s connection.

Summary of index meanings. Throughout these notes, the following convention will be
used:

Index type Meaning Example

a, b, c, . . . abstract tensor indices va, ωa, hab
i, j, k, . . . concrete internal frame indices eia, E

a
i, Γ

i
a

µ, ν, ρ, . . . coordinate component indices Tµ
ν , (dx

µ)a

The abstract indices encode tensorial type and contraction structure, while the concrete indices
label components in a chosen basis or internal frame.

4 3+1 Decomposition

The geometric construction used in this and the following sections follows the standard 3 + 1
decomposition of spacetime into spacelike hypersurfaces, with lapse, shift, induced spatial metric,
spatial projection, and extrinsic curvature [5, 4, 3].

Relativity broke the absolute concept of simultaneity and recognized that only spacetime is
an absolute physical reality, independent of human factors. The concepts of space and time only
acquire meaning after selecting a frame of reference and performing a ”3+1 decomposition” of
spacetime and are therefore relative. Since the most significant difference between Hamiltonian
mechanics and Lagrangian mechanics is that Hamiltonian mechanics places time in a special
position, it is necessary first to define what time is artificially, which inevitably involves a
particular 3+1 decomposition of spacetime.

First, we can artificially define a set of spacelike hypersurfaces {Σt} that can be described
by a specific parameter ”t” in spacetime. Then, we define a timelike vector field ta pointing
to the future, and it has the relationship ta∇at = 1 with the parameter t we just used to
describe the hypersurface. The vector field ta can be used to generate world lines and therefore
can be understood as a specification of the observer. All observers, combined with spacelike
hypersurfaces {Σt}, constitute a 3+1 decomposition of spacetime. We can then decompose ta

into components that are orthogonal and tangent to Σt. The orthogonal direction to Σt, which
is the unit normal vector field of spacelike hypersurfaces, is denoted as na, and the component
in this direction is labeled with a scalar field N , usually called the lapse function. The vector
field tangent to Σt is denoted as Na and is called the shift vector field.

ta = Nna +Na (30)

13



Figure 1: Schematic diagram of 3+1 decomposition of spacetime.

Figure 2: Schematic diagram of lapse function and shift vector field.

Since na is the unit timelike vector field, it naturally satisfies nana = −1 everywhere. From
this, we can obtain the following relationship between na and ∇at.

{
ta∇at = 1

tana = (Nna +Na)na
⇒

{
ta∇at = 1

tana = Nnana = −N
⇒na = −N∇at (31)

From Eq. (31), we can see that the lapse function N only depends on how Σt is layered. Now, let’s
introduce a coordinate system that conforms to the properties of the reference frame described
above. Let {xi} be a local coordinate system on Σ0. The observer’s world line carries this
coordinate system outward, meaning that points on the world line have the same local coordinate
system {xi}. Then, using the parameter t labeled Σt as time, it becomes a four-dimensional
coordinate system {x0 ≡ t, xi}, sometimes called the co-moving coordinate system. In such a
coordinate system, we want to write down the components of metric.

ds2 = g00dt
2 + 2g0idtdx

i + gijdx
idxj (32)
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Since 1 = (∂/∂t)a(dt)a = (∂/∂t)a∇at, we can specify ta = (∂/∂t)a. According to Eq. (30), the
g00 component is:

g00 =gab

(
∂

∂t

)a( ∂

∂t

)b

=gab (Nn
a +Na)

(
Nnb +N b

)
=N2gabn

anb + gabN
aN b

=−N2 +N iNi (33)

Here N i ≡ Na(dxi)a, Na ≡ gabN
b, and Ni ≡ Na(∂/∂x

i)a. Similarly, the g0i components can be
written as:

g0i =gab

(
∂

∂t

)a( ∂

∂xi

)b

=gab (Nn
a +Na)

(
∂

∂xi

)b

=Nb

(
∂

∂xi

)b

=Ni (34)

Therefore, according to Eq. (32), Eq. (33), and Eq. (34), we can write a small spacetime interval
as:

ds2 =
(
−N2 +N iNi

)
dt2 + 2Nidtdx

i + gijdx
idxj (35)

A more common equivalent is as follows:

ds2 = −N2dt2 + gij
(
N idt+ dxi

) (
N jdt+ dxj

)
(36)

5 Spatial Tensor

After performing a 3+1 decomposition on spacetime, we can meaningfully discuss the concepts
of space and time. Geometric objects in spatial directions will play an essential role in the
subsequent discussion because they are related to the determination of generalized coordinates.

First, based on the 3+1 decomposition, we can define a spatial projection matrix hab that
satisfies habn

b = 0 and habna = 0 as follows:

hab ≡ δab + nanb (37)

We can now define a tensor T a
b as spatial if it satisfies the following condition.


T a

bn
b = 0

T a
bna = 0

T a
b = hach

d
bT

c
d

(38)
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In fact, it is highly non-trivial for a tensor to satisfy spatial conditions; exceptions can occur even
starting from the simplest coordinate basis. Let {t, xi} be the coordinate system corresponding
to the 3+1 decomposition. Then (∂/∂xi)a must be the spatial tensor; however, (dxi)a is not
necessarily the spatial tensor.

h b
a (dx

i)b =
(
δ b
a + nan

b
)
(dxi)b

= (dxi)a + (−N∇at)N
−1(tb −N b)(dxi)b

= (dxi)a −
(
(∇at)t

b(dxi)b − (∇at)N
b(dxi)b

)
= (dxi)a −

(
(∇at)0− (dt)aN

i
)

= (dxi)a +N i(dt)a ̸= (dxi)a (39)

We will see various manifestations of the nontriviality of spatial tensors later. For example, after
covariant differentiation of a spatial tensor, it is usually no longer a spatial tensor. Therefore,
the projection matrix hab will be used frequently.

In Hamiltonian mechanics discussions of gravitational fields, two spatial tensors play crucial
roles: the induced spatial metric hab and the extrinsic curvature Kab. The definition of the
induced spatial metric is as follows:

hab ≡ gab + nanb (40)

hab ≡ gab + nanb (41)

The definition of extrinsic curvature Kab is as follows:

Kab := h c
a h

d
b ∇cnd (42)

Furthermore, the definition of extrinsic curvature can be simplified for the following reasons.

Kab =h
c
a h

d
b ∇cnd

=h c
a (δ

d
b + nbn

d)∇cnd

=h c
a (∇cnb +

1

2
nb∇c(n

dnd))

=h c
a (∇cnb +

1

2
nb∇c(−1)) = h c

a∇cnb (43)

Since na is chosen to always be orthogonal to the hypersurface Σt described by t, this ensures
that Kab is always symmetric.

Kab = Kba (44)

To simplify the following discussion, the following two conventions are introduced here.

K := habKab (45)

h := det(hab) (46)

g := det(gab) (47)
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6 Spatial Derivative of Spatial Tensor

As mentioned earlier, a spatial tensor generally ceases to be a spatial tensor after covariant
differentiation. Therefore, it is necessary to define a spatial derivative Da to perform covariant
differentiation while preserving the spatial tensor. Its definition is as follows:

DcT
a
b := hadh

e
b h

f
c ∇fT

d
e (48)

Next, we verify whether the spatial derivative Da is compatible with the spatial metric under
this definition, that is, we verify whether the inner product in the spatial part is invariant under
this definition.

Dchab =h
d
a h

e
b h

f
c ∇fhde

=h d
a h

e
b h

f
c ∇f (gde + ndne)

=h d
a h

e
b (h

f
c ∇fgde + h f

c ∇f (ndne))

=h d
a h

e
b (0 + h f

c ∇f (ndne))

=h d
a h

e
b h

f
c ∇f (ndne)

=(h d
a nd)h

e
b h

f
c ∇f (ne) + h d

a (neh
e
b )h

f
c ∇f (nd) = 0 + 0 (49)

Therefore, the spatial covariant derivative Dc is indeed compatible with the spatial metric hab.
Due to the non-commutativity of the spatial covariant derivative, a three-dimensional spatial
Riemann curvature tensor 3R d

abc can be defined as:

3R d
abc ωd = 2D[aDb]ωc (50)

Since the projection matrix also requires differentiation, the calculation of geometric objects
involving higher-order differentiation becomes more complex. Usually, the projection matrix is
no longer used to project the four-dimensional target directly. It is worth noting that extrinsic
curvature often appears as a correction term.

2DaDbωc =2h g
c h

e
a h

m
b ∇e(h

f
g h

d
m∇dωf )

=2h g
c h

e
a h

m
b ∇e((δ

f
g + ngn

f )h d
m∇dωf )

=2h g
c h

e
a h

m
b ∇e(h

d
m∇dωg − ngωfh

d
m∇dn

f )

=2h g
c h

e
a h

m
b ∇e(h

d
m∇dωg − ngωfK

f
m)

=2h g
c h

m
b (h e

a∇e(h
d
m∇dωg)− (h e

a∇eng)ωfK
f
m − h e

a ng∇e(ωfK
f
m))

=2(h g
c h

e
a h

m
b ∇e(h

d
m∇dωg)− h g

c KagωfK
f
b − h m

b h e
a (h

g
c ng)∇e(ωfK

f
m))

=2(h g
c h

e
a h

m
b ∇e(h

d
m∇dωg)−KacωfK

f
b − 0)

=2h g
c h

e
a h

d
b ∇e∇dωg + 2h g

c h
e
a h

m
b (∇eh

d
m)(∇dωg)− 2KacK

f
b ωf

=2h g
c h

e
a h

d
b ∇e∇dωg + 2h g

c h
m
b h e

a∇e(nmn
d)(∇dωg)− 2KacK

f
b ωf

=2h g
c h

e
a h

d
b ∇e∇dωg + 2h g

c (Kabn
d + h m

b nmh
e
a∇en

d)(∇dωg)− 2KacK
f
b ωf

=2h g
c h

e
a h

d
b ∇e∇dωg + 2h g

c (Kabn
d + 0)(∇dωg)− 2KacK

f
b ωf

=2h e
a h

d
b h

g
c ∇e∇dωg − 2KacK

f
b ωf + 2Kabh

g
c n

d∇dωg (51)
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2D[aDb]ωc =2h e
[a h

d
b] h

g
c ∇e∇dωg − 2Kc[aK

f
b] ωf + 2K[ab]h

g
c n

d∇dωg

=2h e
[a h

d
b] h

g
c ∇e∇dωg − 2Kc[aK

f
b] ωf

=2h [e
a h

d]
b h

g
c ∇e∇dωg − 2Kc[aK

f
b] ωf

=2h e
a h

d
b h

g
c ∇[e∇d]ωg − 2Kc[aK

f
b] ωf

=h e
a h

d
b h

g
c R

m
edg ωm − 2Kc[aK

f
b] ωf

=h e
a h

d
b h

g
c h

f
mR

m
edg ωf − 2Kc[aK

f
b] ωf (52)

After the above complex calculations, we successfully obtained the following expression for the
spatial Riemann curvature tensor, which is important for subsequently writing the gravitational
field theory in the form of Hamiltonian mechanics.

3R f
abc = h e

a h
d
b h

g
c h

f
mR

m
edg − 2Kc[aK

f
b] (53)

Next, we calculate the spatial Ricci scalar 3R corresponding to the spatial Riemann curvature
tensor.

3R =hachbf 3Rabcf

=hachbfh e
a h

d
b h

g
c h

m
f Redgm − hachbf2Kc[aKb]f

=heghdmRedgm − hachbf (KcaKbf −KcbKaf )

=heghdmRedgm −K2 +KcbK
cb (54)

The first term of Eq.(54) needs further simplification because we want to find a clear relationship
between the spatial Ricci scalar 3R and the original four-dimensional Ricci scalar R.

heghdmRedgm =(geg + neng)(gdm + ndnm)Redgm

=(R+ 2nengReg + nendngnmRedgm)

=(R+ 2nengReg + nendngnmR[ed]gm)

=(R+ 2nengReg + n[end]ngnmRedgm)

=R+ 2nengReg (55)

Combining Eq. (54) and Eq. (55), we obtain the following results.

R =heghdmRedgm − 2nengReg

=2nengGeg − 2nengReg

=(3R+K2 −KcbK
cb)− 2nengReg (56)

We are also curious about the relationship between the spatial Ricci scalar 3R and the Einstein
tensor Gab. So we can rewrite the first term of Eq.(54) again using the following Einstein tensor.

Geg ≡ Reg −
1

2
Rgeg (57)
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heghdmRedgm =R+ 2nengReg

=R+ 2neng
(
Geg +

1

2
Rgeg

)
=R+ 2nengGeg + neneR

=R+ 2nengGeg −R

=2nengGeg (58)

Combining Eq. (54) and Eq. (58), we obtain the following results.

3R =heghdmRedgm −K2 +KcbK
cb

=2nengGeg −K2 +KcbK
cb

⇒ 2nengGeg = 3R+K2 −KcbK
cb (59)

Combining Eq. (59) and Eq. (57), we can again obtain the result of Eq. (56).

7 Time Derivative of Spatial Tensor

In the context of the 3+1 decomposition of spacetime, an important objective is to discuss the
problem of time evolution, that is, to find the derivative along a vector field ta. Finding the
derivative along a vector field is called the Lie derivative. First, the Lie derivative for a scalar
function f is defined as follows:

(Lt⃗ f)|q := lim
∆t→0

(ϕ∗
∆t
f − f)|q
∆t

= lim
∆t→0

f(ϕ∆t(q))− f(q)

∆t

=(ta∇af)|q (60)

It can be observed that the Lie derivative for a scalar function f is consistent with the covariant
derivative, and the definition of the Lie derivative for a tensor is the same as below, but the
specific implementation will be shown later.

Lt⃗ T
a
b := lim

∆t→0

(ϕ∗
∆t
T a

b)− T a
b

∆t
(61)

The Lie derivative rule for a vector field is as follows:

Lt⃗ u
a = lim

∆t→0

(ϕ∗
∆t
ua)− ua

∆t

= lim
∆t→0

e(∆t)⃗tuae(−∆t)⃗t − ua

∆t

=[⃗t, ua] = tb∇bu
a − ub∇bt

a (62)

Combining Eq. (60) and Eq. (62), we can obtain the following Lie derivative of the dual vector
field.
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{
Lt⃗ (u

awa) = ta∇a(u
awa)

Lt⃗ u
a = tb∇bu

a − ub∇bt
a

⇒Lt⃗ wa = tb∇bwa + wb∇at
b (63)

Based on Eq. (62) and Eq. (63), the specific implementation of the Lie derivative for a general
tensor in Eq. (61) is as follows:

Lt⃗ T
a
b = tc∇cT

a
b − T c

b∇ct
a + T a

c∇bt
c (64)

Thus, given a spatial tensor T a
b, the time derivative can be defined as:

Ṫ a
b := hach

d
b Lt⃗ T

c
d ≡ L̃t⃗ T

c
d (65)

The Lie derivative along the vector field ta can be described by two parts: the lapse function N
and the shift vector field Na, based on the 3+1 decomposition.

Ṫ c
d = L̃t⃗ T

c
d = L̃Nn⃗+N⃗ T c

d = (N L̃n⃗ + L̃N⃗ )T c
d (66)

Now, how the induced spatial metric field hab evolves is important. According to Eq. (66), we
can calculate the contributions of the directions of L̃n⃗ hab and L̃N⃗ hab separately. Note that,
to maintain a spatial tensor, we first compute the Lie derivatives and then project. First, we
consider Ln⃗ hab.

Ln⃗ hab =n
c∇chab + hac∇bn

c + hcb∇an
c

=(0 + nc∇c(nanb)) + (gac∇bn
c + 0) + (gcb∇an

c + 0)

=nan
c∇cnb + nbn

c∇cna +∇bna +∇anb (67)

Then, project it to the spatial part and use the extrinsic curvature defined in Eq. (42).

L̃n⃗ hab =h
c
a h

d
b Ln⃗ hcd

=0 + 0 + h c
a h

d
b (∇dnc +∇cnd)

=Kba +Kab = 2Kab (68)

Perform the same operation in the shift vector direction and use the spatial covariant differentia-
tion defined in Eq. (48).

L̃N⃗ hab =h
c
a h

d
b LN⃗ hcd

=h c
a h

d
b (N

e∇ehcd + hce∇dN
e + hed∇cN

e)

=(0 + 0) + (h c
a h

d
b ∇dNc + 0) + (h c

a h
d
b ∇cNd + 0)

=DbNa +DaNb = 2D(aNb) (69)

Finally, we obtain the following expression for the evolution of the spatial metric ḣab, which is
crucial for the subsequent calculation of canonical momentum.

ḣab = L̃t⃗ hab = 2NKab + 2D(aNb) (70)
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8 Canonical Variables of Gravitational Field

The derivation in this section follows the standard ADM decomposition of the Einstein–Hilbert
action, up to boundary terms [5, 3, 4].

To write down the Hamiltonian mechanics of the gravitational field, we should start from
the action and Lagrangian density. Here we consider the gravitational field in the vacuum.

SEH =

∫
R
√
−g d4x =

∫
gabRab

√
−g d4x (71)

Through the principle of least action, we obtained the equations of motion for the gravitational
field in the vacuum.

δSEH =

∫ (
Rab −

1

2
gabR

)
δgab

√
−g d4x (72)

δSEH = 0 ⇒ Rab −
1

2
gabR = 0 (73)

We derive the equation of motion by varying the action with respect to the metric field, which
means that the metric field is the generalized coordinate among the canonical variables. With
this understanding, our goal is to rewrite the metric field as a generalized coordinate in the form
of a 3+1 decomposition. According to Eq. (41), the metric can be written as:

gab =hab − nanb = hab −N−2(ta −Na)(tb −N b) (74)

⇒ gab|Σt determined by (N,Na, hab)|Σt (75)

According to the results of the metric rewriting, under the 3+1 decomposition, there are three
kinds of generalized coordinates of the gravitational field: the lapse function N , the dual shift
vector field Na, and the spatial metric field hab .

The next step is to rewrite the Lagrangian density using the 3+1 decomposition method. We
have already obtained the 3+1 version of the Ricci scalar in Eq. (56), so we can write it directly:

L =R
√
−g

=(3R+K2 −KcbK
cb − 2nengReg)

√
−g (76)

The last term, neRegn
g, requires further calculation to determine its properties.

neRegn
g =neR c

ecg n
g

=− ne(∇e∇c −∇c∇e)n
c

=− ne∇e(∇cn
c) + ne∇c(∇en

c)

=−∇e(n
e∇cn

c) + (∇en
e)∇cn

c +∇c(n
e∇en

c)− (∇cn
e)∇en

c

=−∇e(n
e∇cn

c) +K2 +∇c(n
e∇en

c)−KceK
ce (77)

After rewriting the Lagrangian density, the following results were obtained.

L =R
√
−g

=(3R+K2 −KcbK
cb − 2K2 + 2KceK

ce + 2∇e(n
e∇cn

c)− 2∇c(n
e∇en

c))
√
−g

=(3R−K2 +KcbK
cb)

√
−g + 2(∇e(n

e∇cn
c)−∇c(n

e∇en
c))

√
−g (78)
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Consider integrating the Lagrangian density over spacetime; the last two terms in Eq. (78) can
be regarded as boundary terms using the divergence theorem.

Lboundary = 2(∇e(n
e∇cn

c)−∇c(n
e∇en

c))
√
−g (79)

Boundary terms can be ignored under certain assumptions, such as assuming the universe is
a compact manifold without boundaries, or that spacetime is asymptotically flat. However, a
more stringent condition is that the Gibbons–Hawking–York boundary term must be introduced
to eliminate boundary terms truly. The following discussion directly assumes that boundary
terms are eliminable and ignores them.

The next goal is to rewrite
√
−g as a 3+1 decomposition version. Since

√
−g comes from

the volume form ϵ, its definition is as follows:

{
ϵabcd :=

√
−g (dt)a ∧ (dx1)b ∧ (dx2)c ∧ (dx3)d

ϵ :=
√
−g dt ∧ dx1 ∧ dx2 ∧ dx3

(80)

If we define a spatial volume form by contracting the time direction of the volume form with the
normal vector na of the spatial hypersurface as follows:

3ϵ := naϵabcd (81)

We found that this definition is actually flawed because, according to Eq. (39), (dxi)a is not
necessarily a spatial tensor. Therefore, 3ϵ defined in this way may not satisfy the definition of a
spatial tensor. Furthermore, 3ϵ defined in this way will change over time, that is:

L̃t⃗
3ϵ ̸= 0 (82)

To ensure that the newly defined spatial volume form does not change over time, we modify the
definition as follows to remove the effects caused by time-related functions in the metric.


eabcd := (dt)a ∧ (dx1)b ∧ (dx2)c ∧ (dx3)d

e := dt ∧ dx1 ∧ dx2 ∧ dx3

taeabcd = dx1 ∧ dx2 ∧ dx3
(83)

Furthermore, to ensure that it satisfies the definition of a spatial tensor, we project it using a
projection matrix and finally define the spatial volume form 3e as follows:

3e := h m
b h n

c h
l
dt

aeamnl ≡ (taeabcd)
∼ (84)

In this way, the integral of spacetime can be rewritten using the time-invariant spatial volume
form 3e as follows:

L̃t⃗
3e = 0 ⇒

∫
d4x =

∫
dt

∫
Σt

3e (85)

Next, we can obtain the description of
√
−g under 3+1 decomposition using the following

method.
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ta
√
−g eabcd = taϵabcd = Nnaϵabcd +Naϵabcd = Nnaϵabcd

⇒3e = (taeabcd)
∼ =

(
N√
−g

3ϵ

)∼
=

(
N
√
h√

−g
3e

)
⇒
√
−g = N

√
h (86)

Combining Eq. (70), Eq. (78), and Eq. (86), and ignoring boundary terms, the Lagrangian
density can be written as:

{
L = (3R−K2 +KcbK

cb)N
√
h

Kab =
1
2N

−1(ḣab − 2D(aNb))
(87)

Since we know from Eq. (75) that there are three generalized coordinates (N,Na, hab). When
deriving the canonical momentum from the Lagrangian density, we can immediately obtain
two types of primary constraints, one associated with the lapse and the other a vector-valued
constraint associated with the shift.

{
πN ≡ ∂L /∂Ṅ = 0

πNa
≡ ∂L /∂Ṅa = 0

(88)

The only non-zero canonical momentum is the canonical momentum πab corresponding to the
spatial metric field hab as a generalized coordinate.

πab ≡ ∂L

∂ḣab
= 2

√
hN

(
Kcd∂Kcd

∂ḣab
−K

∂K

∂ḣab

)
(89)

Where

∂Kcd

∂ḣab
=

1

2N

∂ḣcd

∂ḣab
=

1

2N
δ(ac δ

b)
d (90)

and

∂K

∂ḣab
=
∂(hcdKcd)

∂ḣab
= hcd

1

2N
δ(ac δ

b)
d =

1

2N
hab (91)

After the above calculations and simplifications, the canonical momentum πab of the spatial
metric field is:

πab =
√
h(Kab −Khab) (92)

According to the Dirac-Bergmann algorithm mentioned at the beginning, the derivative of
the generalized coordinate with respect to time, excluding the primary constraints, can be solved
by the canonical momentum and the generalized coordinate. The following further verifies this
matter.

π = habπ
ab =

√
h(habK

ab −Khabh
ab) =

√
h(K − 3K) = −2

√
hK (93)
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{
K = −π/(2

√
h)

πab =
√
h(Kab −Khab)

⇒Kab =
1√
h

(
πab −

1

2
πhab

)
(94)

We can see that ḣab is indeed solved in terms of canonical momentum πab and generalized
coordinates (N,Na, hab)

ḣab = 2NKab + 2D(aNb) = 2N
1√
h

(
πab −

1

2
πhab

)
+ 2D(aNb) (95)

9 Hamiltonian Formulation of Gravitational Field

Now that we understand all the canonical variables (N,Na, hab;π
ab) required for Hamiltonian

mechanics of gravitational fields, we can rewrite the Lagrangian density using canonical variables
as follows:

L = (3R−K2 +KcbK
cb)N

√
h = N

√
h

[
3R+

1

h

(
πabπab −

1

2
π2
)]

(96)

Now, through the Legendre transformation, we obtain the Hamiltonian density.

H =πabḣab − L

=
2N√
h

(
πabπab −

1

2
ππabhab

)
+ 2πabD(aNb) − L

=
2N√
h

(
πabπab −

1

2
π2
)
+ 2πabD(aNb) − L

=N
√
h

[
−3R+

1

h

(
πabπab −

1

2
π2
)]

+ 2πabD(aNb) (97)

H =

∫
Σt

3eH

=

∫
Σt

3eN
√
h

[
−3R+

1

h

(
πabπab −

1

2
π2
)]

− 2

∫
Σt

3e
√
hNbDa

(
πab√
h

)
+ 2

∫
Σt

3e
√
hDa

(
Nbπ

ab

√
h

)
(98)

With the Hamiltonian density, and by utilizing Eq. (85) and neglecting boundary terms, we
finally wrote down the Hamiltonian for the gravitational field under 3+1 decomposition.

H[N,Nb, hab;π
ab]

=

∫
Σt

3eN
√
h

[
−3R+

1

h

(
πabπab −

1

2
π2
)]

− 2

∫
Σt

3e
√
hNbDa

(
πab√
h

)
(99)
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According to the Dirac-Bergmann algorithm, the gravitational field now has two primary
constraints (Eq. (88)), each of which should satisfy the consistency condition in Eq. (17).
However, since H is a functional, we also need to rewrite the canonical momentum πN and
πNa

, which serve as primary constraints, as functionals. Let πN and πNa
each integrate over

spacetime. We name the resulting functionals ΠN and ΠNa
.

{
ΠN =

∫
Σt

3e
√
hπN

ΠNa
=
∫
Σt

3e
√
hπNa

(100)

Thus, the consistency condition can be read as:

{
{ΠN , H}+ {ΠN ,ΠNa

}λNa
≈ 0

{ΠNa
, H}+ {ΠNa

,ΠN }λN ≈ 0
(101)

From Eq. (100), we know that {ΠN ,ΠNa
} ≈ 0. However, according to Eq. (99), {ΠN , H} = π̇N

and {ΠNa
, H} = π̇Na

may not be zero. Therefore, the secondary constraints are given as follows:

{
(δH/δN) =

√
h
[
−3R+ 1

h

(
πabπab − 1

2π
2
)]

= 0

(δH/δNb) = −2
√
hDa

(
πab
√
h

)
= 0

(102)

We denote the secondary constraint of the scalar property as C.

C ≡ −3R+
1

h

(
πabπab −

1

2
π2
)

= 0 (103)

We denote the secondary constraint of the vector property as Cb.

Cb ≡ −2Da(h
−1/2πab) = 0 (104)

These are the standard ADM Hamiltonian and momentum constraints [5, 3].
We can further verify that the Poisson brackets of all primary and secondary constraints are

zero on the constraint surface. Therefore, according to Dirac’s classification, the gravitational
field system belongs to the first-class of constraint systems. This also means that the two primary
constraints correspond to two free Lagrange multipliers (in this case, this means one scalar field
and one vector field).

{
Ṅ = (δH/δπN ) + (δΠN /δπN )λN =

√
hλN

Ṅa = (δH/δπNa
) + (δΠNa

/δπNa
)λNa

=
√
hλNa

(105)

Now let’s rewrite the Hamiltonian using secondary constraints. After combining Eq. (99),
Eq. (103) and Eq. (104), the Hamiltonian reads

H[N,Nb, hab;π
ab] =

∫
Σt

3e
√
h
(
NC +N bCb

)
(106)

This formulation is also called the Arnowitt–Deser–Misner (ADM) formalism. Suppose we
consider the Hamiltonian as the generator of evolution in Eq. (106). The scalar secondary
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constraint generates a lapse function ”N” related to time selection, while the vector secondary
constraint generates a dual shift vector field ”Nb” related to space selection.

It is time to discuss the implications of gauge degrees of freedom in the context of Hamiltonian
mechanics. Gauge degrees of freedom are generally defined as the degrees of freedom derived from
an infinite-dimensional group when the action is invariant under its influence. This invariance
imposes constraints on the canonical variables, which form orbits on the constraint surface.
Points on the same orbit can sometimes be considered equivalent descriptions of the same
physical state, while at other times they should be viewed as different stages in the evolution
of the physical system. The discussion of gauge only aligns with gauge theory in the first case.
The second case concerns the degree of arbitrariness in time as a parameter describing evolution;
this process is usually called parameterization.

In physics, interesting theories typically have constraints associated with gauge that are
linear functions of canonical momentum, while those associated with parameterization are often
quadratic functions of canonical momentum (Eq. (103)). In field systems, electrodynamics
and Yang-Mills theory are traditional gauge theories, in which the constraints are linear and
homogeneous with respect to the canonical momentum. A typical example of parameterization
theory is general relativity, where constraints associated with the arbitrariness of time choice
are quadratic in canonical momentum (Eq. (103)), and there are also linear diffeomorphism
constraints related to the invariance under spatial diffeomorphisms (Eq. (104)), which act as
gauge groups.

10 Ashtekar’s New Variables

The reformulation of canonical general relativity in terms of complex connection variables follows
Ashtekar’s new Hamiltonian formulation [6, 7, 8].

From the previous sections, we have learned that in the vacuum, the gravitational field’s
true dynamical canonical variables are the spatial metric field hab and its conjugate momentum
πab. Under this formulation, the constraints possess a non-polynomial structure (Eq. (103)).
According to the quantization procedure, once we promote the constraint equations to operator
equations, they become difficult to solve. However, in principle, this difficulty could be overcome
by performing an appropriately chosen canonical transformation on the canonical variables.

Traditional canonical variables (hab, π
ab) are a pair of tensor fields defined on the three-

dimensional manifold Σt. Let {eai | i = 1, 2, 3} denote a local frame field (vielbein) on Σt, and
{eia} its dual frame field (dual vielbein). These frame fields are required to be orthonormal with
respect to the spatial metric hab.


hab = δije

i
ae

j
b

eiae
a
j = δij

eiae
b
i = δba

(107)

However, requiring orthonormality with respect to the spatial metric hab does not uniquely
determine {eai }. Rotations and reflections (i.e., an overall sign flip) of {eai } by elements of
O(3) do not affect their orthonormality under the metric hab. In the formulation with the new
variables, {eai } will replace hab as the canonical variables. In accordance with the structure of
the Lagrangian density, we first define the following objects in the same local frame.
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eij = eia

(
∂

∂xj

)a

(108)

det(e) ≡ det(eij) (109)

h = [det(e)]2 (110)

ϵ ≡ sgn(det(e)) (111)

Now we define a densitized frame field in three dimensions as follows:

Ea
i := det(e)eai (112)

Since det(e) can cancel out the negative sign during the inversion of {eai }, the degree of freedom
of Ea

i is restricted to a rotation of SO(3). Given that Kab is the extrinsic curvature of Σt in
Eq. (43), we define

Ki
a := ϵKabe

b
jδ

ij (113)

However, using (Ea
i , K

i
a) as the new canonical variables cannot simplify the constraint C = 0 in

Eq. (103). Ashtekar discovered that, in order to achieve a simplification of the constraints, one
must modify the connection compatible with the spatial metric field hab. Here we start from the
compatibility of the spatial derivative:

Dahbc = 0

⇒ Da(δije
i
be

j
c) = 0

⇒ Dae
i
b = 0

⇒ ∂ae
i
b + ω i

a je
j
b − Γc

abe
i
c = 0 (114)

Using the orthonormality of the frame field, we have the connection one-form (spin connection):

∂ae
i
b + ω i

a je
j
b − Γc

abe
i
c = 0

⇒ ω i
a je

j
b = −(∂ae

i
b − Γc

abe
i
c)

⇒ ω i
a je

j
be

b
k = −ebk(∂aeib − Γc

abe
i
c)

⇒ ω i
a k = −ebk∇ae

i
b

⇒ ω i
a k = eib∇ae

b
k (115)

Before returning to the three-dimensional spatial manifold Σt, it is useful to give a simple
example showing explicitly how the spin connection is computed from a vielbein. Consider a
two-sphere S2 with radius R. Its metric is

gab = R2(dθ)a(dθ)b +R2 sin2 θ (dϕ)a(dϕ)b.

Here a, b, · · · are abstract tensor indices on S2, whereas i, j, · · · = 1, 2 are internal frame indices.
The dual vielbein eia such that

gab = δije
i
ae

j
b.

A natural choice is
e1a = R(dθ)a, e2a = R sin θ(dϕ)a.
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The corresponding vielbein eai satisfies

eiae
a
j = δij , eiae

b
i = δba,

and is given by

ea1 =
1

R

(
∂

∂θ

)a

, ea2 =
1

R sin θ

(
∂

∂ϕ

)a

.

The spin connection is determined by requiring the vielbein to be covariantly constant. In
Cartan’s language, this is equivalently expressed by the first structure equation. Here is a simple
derivation. First, take the exterior derivative of the dual vielbein:

dce
i
a = ∂νe

i
µ(dx

ν)c ∧ (dxµ)a (116)

And use Eq. (114) to substitute the ∂νe
i
µ, one gets

dce
i
a = (Γd

νµe
i
d − ω i

ν je
j
µ)(dx

ν)c ∧ (dxµ)a

⇒dce
i
a + ω i

c je
j
a =

(
Γd
νµ(dx

ν)c ∧ (dxµ)a

)
eid (117)

If torsion vanishes, that is Γd
νµ = Γd

µν , then

dce
i
a + ω i

c je
j
a = 0 (118)

Metric compatibility implies that the spin connection is antisymmetric in its internal indices:

ω i
a j = −ω j

a i (119)

Therefore, in two dimensions the spin connection is so(2)-valued and has only one independent
component:

ω 1
a 2 = −ω 2

a 1

We now compute the connection explicitly. From

e1 = Rdθ, e2 = R sin θ dϕ,

we obtain
de1 = 0,

and
de2 = R cos θ dθ ∧ dϕ.

Since
e1 ∧ e2 = R2 sin θ dθ ∧ dϕ,

we can rewrite de2 as

de2 =
cot θ

R
e1 ∧ e2.

The first Cartan structure equation gives two equations:

de1 + ω1
2 ∧ e2 = 0,
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and
de2 + ω2

1 ∧ e1 = 0.

The first equation is automatically satisfied if ω1
2 is proportional to e2. Thus, let

ω2
1 = fe2.

Substituting this into the second structure equation gives

cot θ

R
e1 ∧ e2 + fe2 ∧ e1 = 0.

Using
e2 ∧ e1 = −e1 ∧ e2,

we find

f =
cot θ

R
.

Therefore,

ω2
1 =

cot θ

R
e2 = cos θ dϕ,

and hence
ω1

2 = − cos θ dϕ.

Equivalently, the spin connection can be written as

ω 2
a 1 = cos θ (dϕ)a, ω 1

a 2 = − cos θ (dϕ)a.

In matrix form, {
ω i
a j

}
=

[
0 −1
1 0

]
cos θ (dϕ)a.

This example makes the geometric meaning of the spin connection explicit. The vielbein eia
gives an orthonormal frame at each point of the curved manifold, but these local orthonormal
frames are not globally constant. The spin connection (ωa)

i
j records how the internal frame

rotates as one moves on the manifold. For the two-sphere, the relevant internal rotation group
is SO(2), so the spin connection is an so(2)-valued one-form. Sometimes, the spin connection
people refer to is a further lift of the generator via an algebraic isomorphism. For example, the
so(2) algebra corresponds to the spin(2) algebra, which is also the u(1) algebra.

In the Ashtekar formulation, the same idea is applied to the three-dimensional spatial
manifold Σt. The spatial metric hab is written in terms of a triad eia,

hab = δije
i
ae

j
b,

Since the densitized frame Ea
i = det(e)eai possesses an SO(3) rotational degree of freedom, in

Cartan’s terminology Ea
i functions as a moving frame. Describing the variation of this moving

frame in terms of the frame itself leads to Cartan’s connection one-form, that is, the spin
connection. Moreover, because the motion of the frame is governed by SO(3) rotations, the
connection one-form is an so(3)-Lie-algebra–valued one-form. This means that the connection is
simultaneously a one-form and an element of the Lie algebra.

Let the basis of the Lie algebra so(3) be denoted by {ai | ai ∈ so(3), i = 1, 2, 3}.

a1 ≡

0 0 0
0 0 −1
0 1 0

 , a2 ≡

 0 0 1
0 0 0
−1 0 0

 , a3 ≡

0 −1 0
1 0 0
0 0 0

 . (120)
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These matrices satisfy

[ai, aj ] = ϵij
kak (121)

We then write the SO(3) connection one-form as:

(Γb)
i
j = eic∇be

c
j = (Γk

bak)
i
j = −Γk

b ϵ
i

k j (122)

Ashtekar defined a new connection as follows:

Aj
a := Γj

a − iKj
a , j = 1, 2, 3 (123)

The new connection implies a new derivative operator, which we denote by Da for the connection
Aj

a. This new derivative corresponds to a new curvature tensor, or equivalently, by Cartan’s
curvature formula, the new connection gives rise to a curvature two-form. This curvature
two-form is likewise a complex so(3)-Lie-algebra–valued two-form, which we denote by F i

ab.

Fab = F i
abai = da(A

i
bai) +

1

2
JAi

aai, A
j
bajK

= da(A
i
bai) +

1

2
[ai, aj ]A

i
a ∧A

j
b

=
(
2∂[aA

i
b] + ϵijkA

j
[aA

k
b]

)
ai (124)

10.1 Derivation of the Ashtekar Constraints

We now derive explicitly how the ADM constraints are rewritten in terms of Ashtekar’s new
variables, following the standard connection-dynamical formulation of canonical general relativity
[7, 8]. The essential point is that the curvature of the complex connection

Ai
a := Γi

a − iKi
a

contains both the intrinsic curvature of the spatial hypersurface and the extrinsic-curvature
terms appearing in the ADM Hamiltonian constraint.

First, recall that the densitized triad is defined by

Ea
i := det(e)eai .

Since
h = [det(e)]2,

we have the basic identity

Ea
i E

b
jδ

ij = [det(e)]2eai e
b
jδ

ij = hhab (125)

Therefore, the densitized triad contains the same metric information as hab, but with an additional
internal SO(3) frame index.

The triadic form of the extrinsic curvature is

Ki
a := ϵKabe

b
jδ

ij , ϵ := sgn(det e).

For simplicity of notation, in the following derivation, we absorb the orientation sign ϵ into the
definition of the triad and write
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Ki
aE

b
i =

√
hKace

c
jδ

jiebi =
√
hKacδ

cb =
√
hKa

b (126)

Contracting the two spatial indices gives

Ki
aE

a
i =

√
hK (127)

Using the ADM momentum (Eq. (92))

πab =
√
h(Kab −Khab),

we obtain

πba =
√
h(Kb

a −Kδba) = Ki
aE

b
i − δbaK

i
cE

c
i (128)

This formula is the bridge between the ADM momentum variable πab and the triad variables
(Ki

a, E
a
i ).

10.1.1 The Gauss Constraint

Replacing the spatial metric hab by a triad introduces an internal rotational redundancy. Indeed,
under a local SO(3) rotation

eia 7→ Ri
je

j
a, Ri

j ∈ SO(3),

the spatial metric is unchanged:

hab = δije
i
ae

j
b 7→ δijR

i
kR

j
le

k
ae

l
b = δkle

k
ae

l
b = hab.

Thus, the triad description contains a gauge redundancy which is absent in the metric description.
The corresponding constraint is the Gauss constraint [7, 8].

To avoid confusion with the spatial covariant derivative Da compatible with hab, we denote
the gauge-covariant derivative defined by the Ashtekar connection Ai

a by Da. Acting on an
internal vector vi, note that the quantities Ai

a are the coefficients of the so(3) basis in Eq (120),
it is

Davi := ∂avi − (Aj
aaj)

k
ivk = ∂avi + ϵij

kAj
avk (129)

The Gauss constraint is

Gi := DaE
a
i = 0 (130)

Since
Ai

a = Γi
a − iKi

a

We have

DaE
a
i = ∂aE

a
i + ϵij

k(Γj
a − iKj

a)E
a
k = DΓ

aE
a
i − iϵij

kKj
aE

a
k (131)

The spin connection Γi
a is compatible with the triad, so

DΓ
aE

a
i = 0.
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Therefore

Gi = −iϵijkKj
aE

a
k . (132)

Hence

Gi = 0 ⇐⇒ ϵij
kKj

aE
a
k =

√
hϵi

jkKabe
b
je

a
k =

√
hϵi

jkKkj =
√
hϵi

[jk]K(kj) = 0 (133)

This is precisely the internal-index form of the symmetry of the extrinsic curvature:

Kab = Kba = K(ab)

Therefore the Gauss constraint is not an additional physical restriction on the ADM phase space.
It is the constraint generated by the internal SO(3) redundancy introduced when hab is replaced
by a triad.

10.1.2 Curvature of the Ashtekar Connection

The curvature of Ai
a shown in Eq. (124) is

F i
ab = 2∂[aA

i
b] + ϵijkA

j
[aA

k
b]

Substituting
Ai

a = Γi
a − iKi

a

gives

F i
ab(A) = 2∂[aΓ

i
b] + ϵijkΓ

j
[aΓ

k
b] − 2i∂[aK

i
b] − iϵijkΓ

j
[aK

k
b] − iϵijkK

j
[aΓ

k
b] − ϵijkK

j
[aK

k
b]

= Ri
ab(Γ)− 2iDΓ

[aK
i
b] − ϵijkK

j
[aK

k
b] (134)

Here

Ri
ab(Γ) := 2∂[aΓ

i
b] + ϵijkΓ

j
[aΓ

k
b] (135)

is the curvature of the triad-compatible spin connection. Equation (134) is the key identity
behind the simplification of the gravitational constraints [7, 8]: The first term gives the intrinsic
curvature of Σt, while the last term gives precisely the quadratic extrinsic curvature contribution.

10.1.3 The Vector Constraint

The ADM momentum constraint obtained earlier is

Ca = −2Db(h
−1/2πba) = 0.

From Eq. (92), using
h−1/2πba = Kb

a −Kδba,

we obtain

Ca = −2Db(K
b
a −Kδba) = −2(DbK

b
a −DaK) (136)

Thus, the ADM momentum constraint is equivalent to

DbK
b
a −DaK = 0 (137)
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Now consider the Ashtekar vector constraint candidate

Va := F i
abE

b
i (138)

Using the curvature decomposition from Eq. (134),

F i
ab = Ri

ab(Γ)− 2iDΓ
[aK

i
b] − ϵijkK

j
[aK

k
b],

we find

Va = Ri
ab(Γ)E

b
i − iEb

i

(
DΓ

aK
i
b −DΓ

bK
i
a

)
− ϵijkK

j
[aK

k
b]E

b
i (139)

The first term vanishes by the first Bianchi identity for the spatial Riemann tensor:

Ri
ab(Γ)E

b
i = −1

2
ϵj

ki(3R)jkabE
b
i = −

[
(3R)12abE

b
3 + (3R)31abE

b
2 + (3R)23abE

b
1

]
= 0 (140)

The last term vanishes on the Gauss constraint surface, because the Gauss constraint is equivalent
to the symmetry of Kab.

ϵijkK
j
[aK

k
b]E

b
i = ϵijkK[a|ce

c
nδ

jnK|b]de
d
mδ

kmEb
i = −

√
hϵjikKj[aKi]k = −

√
hϵj[ik]Kj[aK(i]k) = 0

(141)

Therefore, modulo the Gauss constraint,

Va ≈ −iEb
i

(
DΓ

aK
i
b −DΓ

bK
i
a

)
(142)

Since DΓ
a is compatible with the triad, we may convert internal indices back into spatial indices:

Eb
iD

Γ
aK

i
b =

√
hDΓ

a (e
b
iK

i
b) =

√
hDaK (143)

and

Eb
iD

Γ
bK

i
a =

√
hDΓ

b (e
b
iK

i
a) =

√
hDbK

b
a (144)

Therefore

Va ≈ −i
√
h(DaK −DbK

b
a) = i

√
h(DbK

b
a −DaK) (145)

Using

Ca = −2(DbK
b
a −DaK),

we obtain

Va ≈ − i
√
h

2
Ca (146)

Hence the ADM momentum constraint Ca = 0 is equivalent, modulo the Gauss constraint,
to the Ashtekar vector constraint [7, 8]

Va := F i
abE

b
i = 0 (147)
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10.1.4 The Scalar Constraint

The ADM Hamiltonian constraint obtained earlier in Eq. (103) is

C ≡ −3R+
1

h

(
πabπab −

1

2
π2
)

= 0.

From Eq. (92) and Eq. (93), using

h−1/2πab = Kab −Khab

and
−2K

√
h = π

we obtain

C = −3R+ (Kab −Khab)(Kab −Khab)−
1

2h

[
2K

√
h
]2

= −3R+KabKab − 2K2 + 3K2 − 2K2

= −3R+KabKab −K2 = 0 (148)

We now show that this is equivalent to the polynomial Ashtekar scalar constraint [6, 7, 8]

S := ϵjkiE
a
jE

b
kF

i
ab = 0 (149)

Using the curvature decomposition Eq. (134),

F i
ab = Ri

ab(Γ)− 2iDΓ
[aK

i
b] − ϵimnK

m
[aK

n
b],

we get

S = ϵjkiE
a
jE

b
kR

i
ab(Γ)− 2iϵjkiE

a
jE

b
kD

Γ
[aK

i
b] − ϵjkiE

a
jE

b
kϵ

i
mnK

m
[aK

n
b] (150)

The first term gives the spatial Ricci scalar. With the sign convention used here for the SO(3)
curvature,

ϵjkiE
a
jE

b
kR

i
ab(Γ) = −h (3R) (151)

The second term vanishes because it is the contraction of an antisymmetric spatial volume factor
with the symmetric extrinsic curvature. Explicitly, after converting internal indices into spatial
indices,

ϵjkiE
a
jE

b
kD

Γ
[aK

i
b] = h ϵabcD[aKb]c = h ϵ[ab]cDaKbc = h ϵabcDaKbc (152)

Since
Kbc = Kcb = K(bc),

we have
ϵa[bc]DaK(bc) = 0

Thus, the derivative term does not contribute to the scalar constraint.
For the last term, use

ϵjkiϵ
i
mn = δjmδ

k
n − δjnδ

k
m.
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Then

−ϵjkiEa
jE

b
kϵ

i
mnK

m
[aK

n
b]

= (Km
[a|E

b
m)(Kn

|b]E
a
n)− (Km

[a|E
a
m)(Kn

|b]E
b
n)

=
1

2

[
(Km

a E
b
m)(Kn

b E
a
n)− (Km

b E
b
m)(Kn

aE
a
n)− (Km

a E
a
m)(Kn

b E
b
n) + (Km

b E
a
m)(Kn

aE
b
n)
]

= h
[
(Km

a E
b
m)(Kn

b E
a
n)h

−1 − (Km
a E

a
m)(Kn

b E
b
n)h

−1
]

(153)

From Eq. (126) and Eq. (127), using

Ki
aE

a
i =

√
hK,

and
Ki

aE
b
i =

√
hKa

b,

we obtain

−ϵjkiEa
jE

b
kϵ

i
mnK

m
[aK

n
b] = h(KabK

ab −K2) (154)

Combining the three terms gives

S = −h 3R+ h(KabK
ab −K2).

Therefore

S = h
(
−3R+KabK

ab −K2
)

(155)

That is,

S = hC. (156)

Hence the ADM Hamiltonian constraint C = 0 is equivalent to the Ashtekar scalar constraint

S := ϵjkiE
a
jE

b
kF

i
ab = 0 (157)

10.1.5 The Total Hamiltonian in Ashtekar Variables

The three constraints in Ashtekar variables are therefore

Gi := DaE
a
i = 0,

Va := F i
abE

b
i = 0,

and
S := ϵjkiE

a
jE

b
kF

i
ab = 0.

The first is the Gauss constraint associated with the internal SO(3) rotation freedom of the
triad. The second is the vector constraint, equivalent to the ADM momentum constraint modulo
the Gauss constraint. The third is the scalar constraint, equivalent to the ADM Hamiltonian
constraint.
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Since
S = hC,

the ADM lapse term √
hNC

can be written as √
hNC =

N√
h
S.

It is therefore natural to introduce the densitized lapse

Ñ :=
N√
h

(158)

Similarly, from Eq. (146)
2iVa ≈

√
hCa,

the numerical factor relating the ADM vector constraint to Va can be absorbed into the Lagrange
multiplier multiplying the vector constraint.

Ña := 2iNa (159)

Therefore, the total Hamiltonian can be written in the Ashtekar form

H[A,E] =

∫
Σt

3e
(
ΛiGi + ÑaVa + ÑS

)
(160)

Equivalently,

H[A,E] =

∫
Σt

3e
[
ΛiDaE

a
i + ÑaF i

abE
b
i + ÑϵjkiE

a
jE

b
kF

i
ab

]
(161)

This expression makes the main advantage of Ashtekar’s variables explicit: After introducing the
densitized lapse, all constraints become polynomial functions of the connection Ai

a, its curvature
F i
ab, and the densitized triad Ea

i [6, 7, 8].
Mathematically, the transition from the traditional variables (hab, π

ab) to the new variables
(Ai

a, E
a
i ) is a canonical transformation in phase space. Physically, it represents a shift of focus

from the evolution of the spatial metric field hab to the evolution of the connection Ai
a, namely

connection dynamics. The advantage of this reformulation is that it makes the gravitational
theory closely resemble an ordinary Yang–Mills gauge theory. The additional Gauss constraint
DaE

a
i = 0 is highly analogous to the Gauss constraint in Yang–Mills theory, thereby situating the

problem of quantizing gravity within the same structural framework as the other fundamental
interactions.

10.1.6 Reality Conditions

One final point should be emphasized. The connection

Ai
a = Γi

a − iKi
a

is complex. Therefore, the Ashtekar phase space is a complexified phase space. To recover real
Lorentzian general relativity, one must impose reality conditions [8]. A convenient form is
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Ea
i E

bi = hhab ∈ R (162)

and

Ai
a +Ai

a = 2Γi
a(E) (163)

Equivalently, one may require

Ea
i ∈ R, Ki

a =
i

2

(
Ai

a −Ai
a

)
∈ R (164)

Thus, the complex Ashtekar variables simplify the constraint structure, but the reality
conditions are necessary to ensure that the resulting geometry corresponds to a real Lorentzian
spacetime.
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