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Abstract

These notes present a systematic derivation of the Hamiltonian formulation of general
relativity and Ashtekar’s new variables. We begin with the Dirac-Bergmann theory of
constrained Hamiltonian systems, emphasizing how singular Lagrangians give rise to primary
and secondary constraints and why this structure is essential for general relativity. After
establishing the required notation, including Penrose’s abstract index convention and vielbein-
based internal indices, we develop the 3 + 1 decomposition of spacetime in detail. The lapse
function, shift vector, spatial metric, spatial projection, extrinsic curvature, spatial covariant
derivative, and Lie evolution of spatial tensors are introduced as the geometric ingredients
needed to derive the ADM Hamiltonian formulation from the Einstein—Hilbert action.

The ADM canonical variables (hqp, 7?) are then derived explicitly, and the Hamiltonian
and momentum constraints are shown to arise from the consistency of the primary constraints
associated with lapse and shift. Finally, we reformulate the canonical theory using Ashtekar’s
new variables, replacing metric dynamics by connection dynamics through the canonical
pair (A%, E2). In this language, the gravitational constraints become the Gauss, vector, and
scalar constraints, with the scalar constraint taking a polynomial form after introducing
the densitized lapse. The notes conclude by emphasizing the gauge-theoretic interpretation
of the Ashtekar formulation and the role of the reality conditions required to recover real
Lorentzian general relativity.
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1 Introduction

General relativity is most naturally formulated as a covariant field theory on spacetime. Its
fundamental dynamical object is the metric tensor, and its equations of motion follow from
the Einstein—Hilbert action by varying the spacetime geometry itself [3]. In this Lagrangian
formulation, no preferred notion of time is built into the theory: spacetime is treated as a
four-dimensional geometric entity, and different choices of coordinates or foliations correspond
merely to different descriptions of the same physical geometry. This feature is conceptually
central to general relativity, but it also makes the transition to Hamiltonian mechanics highly
nontrivial.

Hamiltonian mechanics, by contrast, requires a distinguished time parameter. To pass from
a covariant spacetime theory to a canonical theory, one must first decompose spacetime into a
family of spatial hypersurfaces labeled by a time parameter. This is the purpose of the 3 + 1
decomposition [5, 4]. Once a foliation {X;} is chosen, the spacetime metric can be rewritten
in terms of the lapse function NNV, the shift vector N¢, and the induced spatial metric hy,. The
lapse describes how neighboring hypersurfaces are separated in the normal direction, while the
shift describes how the spatial coordinates are displaced tangentially from one hypersurface to
the next. In this way, the problem of spacetime dynamics is reformulated as the evolution of
spatial geometry.

However, the Hamiltonian formulation of general relativity is not simply obtained by applying
the ordinary Legendre transform to the Einstein—Hilbert action. The reason is that the Lagrangian
of general relativity is singular. In the 3 4+ 1 decomposition, the time derivatives of the lapse and
shift do not appear as genuine dynamical velocities. Consequently, their conjugate momenta
vanish, producing primary constraints. The consistency of these primary constraints under time
evolution then generates secondary constraints. This is precisely the situation described by the
Dirac-Bergmann theory of constrained Hamiltonian systems [1, 2].

The appearance of constraints is not a technical accident, but a direct reflection of the
geometric invariance of general relativity. The lapse and shift are not ordinary dynamical
fields in the same sense as the spatial metric. Instead, they encode the freedom to choose how
spacetime is foliated and how spatial coordinates are transported between hypersurfaces. Their
arbitrariness leads to the Hamiltonian and momentum constraints. The momentum constraint
generates spatial diffeomorphisms on ¥, while the Hamiltonian constraint is associated with
deformations of the hypersurface in the normal direction. Therefore, the canonical Hamiltonian
of general relativity is not a conventional energy function generating evolution with respect to
an absolute external time; rather, it is a sum of constraints weighted by arbitrary lapse and shift
fields.

The ADM formulation makes this structure explicit. The canonical variables are the induced
spatial metric hq, and its conjugate momentum 7%, which is related to the extrinsic curvature
Kp of the hypersurface. In these variables, the Hamiltonian of vacuum general relativity takes
the constrained form

HIN, N = / P VR (NC + N°Cy),
pa



where C' = 0 is the Hamiltonian constraint and C, = 0 is the momentum constraint [5, 3].
This expression reveals the deep difference between general relativity and ordinary mechanical
systems: the dynamics is entirely governed by constraints. The physical phase space is not
the full space of pairs (hgp, 7), but the constraint surface modulo the gauge transformations
generated by these constraints.

Despite its conceptual clarity, the ADM formulation has an important drawback. The
Hamiltonian constraint written in terms of (hgp, 7%) is highly nonlinear and non-polynomial.
This becomes a serious obstruction when one attempts to quantize the theory canonically,
because the constraint equations must be promoted to operator equations acting on quantum
states. The complicated form of the ADM constraints, therefore, motivates the search for a
better choice of canonical variables.

Ashtekar’s new variables provide such a reformulation [6, 7, 8]. Instead of using the spatial
metric directly as the configuration variable, one introduces a triad field, or more precisely a
densitized triad E¢, which encodes the spatial metric while also carrying an internal SO(3)

7
gauge freedom. The conjugate configuration variable is then taken to be a complex connection

Al =T —iK!

where T', is the spin connection compatible with the triad and K! is the triadic form of the
extrinsic curvature. In this formulation, general relativity is rewritten as a theory of connections
rather than a theory of metrics.

The conceptual advantage of Ashtekar’s variables is that gravity begins to resemble a Yang—
Mills gauge theory. The pair (A%, E?) forms a canonical pair, and the constraints acquire a
much simpler polynomial structure. In addition to the transformed scalar and vector constraints,
the use of triads introduces a Gauss constraint associated with internal SO(3) rotations. Thus,
the canonical formulation of gravity is recast in terms of gauge-theoretic variables: a connection,
its conjugate electric-field-like momentum, and a set of first-class constraints.

The goal of these notes is to derive this chain of ideas in a systematic way. We begin
with the Dirac—Bergmann algorithm for constrained Hamiltonian systems, since it provides the
appropriate mathematical framework for singular Lagrangians. We then examine a simple model
illustrating how missing velocities generate primary and secondary constraints. After that, we
develop the 3+ 1 decomposition of spacetime, define spatial tensors, spatial covariant derivatives,
extrinsic curvature, and the time evolution of spatial geometry. These ingredients are then used
to derive the ADM canonical variables and the Hamiltonian formulation of the gravitational
field. Finally, we introduce Ashtekar’s new variables and show how the passage from metric
dynamics to connection dynamics simplifies the constraint structure of general relativity.

We do not attempt to review the full development of loop quantum gravity, the Ashtekar—
Barbero real connection, spin networks, holonomy-flux algebras, or the quantum Hamiltonian
constraint. The purpose of these notes is more limited: to give a direct derivation of the classical
transition from ADM geometrodynamics to the original complex Ashtekar connection variables.

2 Dirac-Bergmann Algorithm

The following discussion follows the standard Dirac-Bergmann analysis of singular Lagrangians
and constrained Hamiltonian systems [1, 2]. To describe a system using Hamiltonian mechanics,
we must first find the conjugate canonical momentum corresponding to the generalized coordinate.
Canonical momentum is defined by differentiating the Lagrangian with respect to the generalized
velocity:

8L q17"'?qN7ql7"'7qN
D = ( 9 ) (1)
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It is expected that there should be a number of generalized velocities for every number of
generalized coordinates, but there may not necessarily be a corresponding number of canonical
momenta.

: (2)

The problem is that the specific form of the Lagrangian directly affects the existence of canonical
momentum. To analyze this problem, we define the mapping matrix from generalized velocity
to canonical momentum as J;;.

opi  O°L
o¢  0¢¢
Let’s see a special case L = Aijqiqj + Bijqiq'j
0L
pi = 37(11
¢’ . ;04" ;0"
=A; . J = B¢ —
jk <aq-zq +q 8qz + bjrq 8qz
1 y .
=2x <2 (A + Aji)) ¢ + Bjiq’
= 2Aa)¢’ + Bjid’ (4)
Thus, Ji; = 2A(;;) and we have a system of N non-homogeneous linear algebraic equations
Jij@ =pi— B¢/, i=1,...,N (5)

If J;j is singular (non-invertible), then not all ¢’ can be solved. Suppose that the rank of Jij is
Z and Z < N, we can separate p; into the images of J;; and the complement of the image in the
codomain.

szcjj = p;?thers _ sz‘qj =0, i=2Z+1,....N (7)

The elements not in the image give N — Z = M constraints ¢, and all the constraints form a
sub-manifold (a hypersurface) in the phase space.

¢i(q,p) = pi"™ — Bji¢d =0, i=Z+1,...,N (8)

The ¢;(q,p) = 0 determined by Lagrangian L and canonical momentum p; is called the primary
constraint. Now, only for i = 1,...,Z ¢* can be solved independently. In other words, the
number of primary constraints corresponds to the number of generalized velocities that cannot
be solved independently.

Given the existence of primary constraints, the consistency of the equations of motion must
be re-examined from the perspective of the principle of least action.
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Because 6¢° and 6p; are not all independent, the original Hamiltonian equation does not hold.
That is,

. OH OH

'——#0, pi+—=—+#0 10
Now we have N — Z = M constraints, so the dimension of sub-manifold is 2N — M. The
principle of least action must now consider the action reaching its extreme value under M
primary constraints, which results in the need for M Lagrange multipliers.

. OH ; . oH o m9Pm i\ mOPm
<pz + 8qi> dq' + (q 8pi> dp; = A ¢ dg' + X o dp; (11)

The corrected equations of motion are as follows:

OH |\, 0bm
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The corresponding Poisson bracket correction is as follows:

/
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Even if ¢,(q,p) = 0, {f, ¢m} is not necessarily zero, because { f, ¢, } involves the derivative of
¢m- This means that ¢,, is actually zero only on the constraint surface. To show that ¢,, is not
zero everywhere in the phase space, we rewrite the constraint as follows:

dm(q,p) =0 (15)

In Eq. (15), ”~” means that it holds only on the constraint surface. This convention will be
used in the following discussion.

i = {¢" H} +{d' 6m}A" 1)
pi = {pi H} + {pi, o }A™
Since constraints should not change with evolution, we have the following condition, which we
call the consistency condition.

{bm, H} +{dm, on A" = 0 (17)



Here we establish some symbolic conventions:

{bms On} A" = —{¢m, H}

{¢ma ¢n} =0, (18)
= B\ 2 B (19)

If det(®y,p) ~ 0 is satisfied, but some h,, # 0 exist on the constraint surface, then additional
constraints 1, (q, p) ~ 0 that satisfy h,, ~ 0 must be applied to ensure the consistency condition.
This further constraint is called a secondary constraint. Dirac suggests that if a function on
the constraint surface has zero Poisson brackets with all primary and secondary constraints, it is
called first-class; otherwise, it is called second-class. That is to say, suppose that there are M
primary constraints and U secondary constraints, the first class of function f on the constraint
surface satisfies:

f is first-class

= {fﬂﬁm}%(]: m:17"‘7M
{f?qbu}%O? ’U,Zl,"',U

Since both primary and secondary constraints must maintain the consistency condition on the
constraint surface, we have:

(20)

(21)
{¢u,H}+{d}U7¢n})‘n%07 ’U,Zl,"',U

From Eq. (21), it is easy to see that if the primary constraint ¢, is a first-class function, then

the Lagrange multiplier A becomes an unconstrained free parameter. Therefore, an important

conclusion is that the number of free Lagrange multipliers is equal to the number of primary

constraints of the first class.

{{QsmvH}_‘_{qu?gbn})‘n%Oa m 17"'7M

¢n is first class,n=1,--- N N <M

. {¢m>H}+M)\n%O, m=1,--- M (22)
{u, H} + {thurt A" ~ 0, u=1,---,U

= \"isfree,n=1,---,N

The free Lagrange multiplier implies the existence of degrees of freedom that do not affect the
reality of the physical system, namely, gauge degrees of freedom.

Similarly, if the consistency condition of a secondary constraint has a chance of not being
satisfied, a new constraint {t,,, H} = 1| &~ 0 must be given. This new constraint is also called a
secondary constraint, and it must satisfy the consistency condition once again. Likewise, if the
new secondary constraint is first-class, meaning it shares zero Poisson brackets with all other
primary and secondary constraints, then more free Lagrange multipliers will be given. However,
these gauge degrees of freedom from secondary constraints are not necessarily equivalent to the
gauge degrees of freedom in gauge theory. This will be described in detail later, after introducing
the Hamiltonian formulation of general relativity. Dirac once proposed the conjecture that all
first-class constraints generate gauge transformations, whether primary or secondary. In general
relativity, however, the interpretation of the Hamiltonian constraint is subtler: it generates
normal deformations of the hypersurface and is therefore related both to gauge redundancy and
to the refoliation freedom of spacetime.



2.1 A Useful Example of the Constraint

Both the Lagrangians of electromagnetic and gravitational fields lack some generalized velocities,
which ultimately lead to the emergence of secondary constraints. Therefore, a simple example

will be used here for discussion. Considering a Lagrangian L with N generalized coordinates (¢"),

only the generalized velocity corresponding to the first generalized coordinate (¢!) is missing.

L=L¢"d¢), k=2, N (23)

This leads to the vanishing canonical momentum p;, which also means that ¢' cannot be solved,
thus satisfying the conditions of the primary constraints. Here we obtain a primary constraint

?(q,p).

oL

plzafql:() = ¢(¢,p) =p1 =0 (24)

The corresponding Hamiltonian is also not a function of p;.
N
H=Y pd*—L (25)
k=2

The corrected Hamiltonian equations of motion of ¢! and p; are as follows:

1 OH | 3 0b _

0= Gpy Aoy

(26)
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Since the only primary constraint ¢ is a function that depends only on p;, the other equations of
motion are unaffected. Furthermore, this single constraint must satisfy the consistency condition
Eq. (17), meaning that the constraint itself does not change over time. Therefore, we have the
following secondary constraint:

. OH
{QZ)»H}:{pr}:pl%O:aiql%O (27)

Therefore, the secondary constraint is specified as follows and must also satisfy the consistency
condition.

{d}(q,?) = Gut (28)
0~ ={y,H} + {¢,d}A
And we have
B oy 0’H
{¢,¢} - {%Pl} - 87]1 - (8(]1)2 (29)

An essential and simple special case is that H is linearly dependent on ¢', meaning that
when {9, ¢} = 0, if {¢), H} ~ 0 also exists, then ¢) ~ 0, and there are no further constraints.
Furthermore, {¢,¢} ~ 0 and {¢, ¢} ~ 0 indicate that all constraints are first-class, and



the Lagrange multiplier X is free, corresponding to a certain gauge symmetry. In fact, both
electromagnetic and gravitational fields belong to this special case.

Since the subsequent discussion will be formulated in the language of field theory, the focus
shifts from a discrete multi-particle system to fields defined on spacetime. Thus, whenever we
refer to a generalized coordinate, we are referring to an entire field; the same interpretation
applies to generalized velocities and canonical momenta. Likewise, when we speak of a constraint,
we mean a constraint field. A single constraint field naturally implies that the constraint holds
at infinitely many points in spacetime, and therefore it may equivalently be viewed as having
infinitely many individual constraints.

3 Notation and Conventions

In these notes we use Penrose’s abstract index notation, following the standard conventions used
in modern treatments of general relativity [3]. This notation is very close in appearance to the
ordinary component notation, but its meaning is different. The purpose of this section is to
summarize the conventions used throughout the text.

Abstract indices and concrete indices. Lowercase Latin letters
a,b,c,...

are used as abstract tensor indices. They do not take numerical values. Instead, they indicate
the tensorial type of an object. For example,

v
denotes a vector field, while

Wa
denotes a covector field. Similarly,

%,
denotes a (1, 1)-type tensor field, and .

T,

denotes a (2,1)-type tensor field. The abstract indices a,b,c,... should therefore not be
understood as component labels.
By contrast, lowercase Latin letters

are used as concrete indices. They can take numerical values. In the discussion of vielbeins and
Ashtekar variables, these indices label the internal orthonormal frame. For a three-dimensional
spatial hypersurface ¥;, one usually has

i,5,k=1,2,3.
For example, the dual vielbein is written as
€a,

where a is an abstract covector index on the manifold, while 7 is a concrete internal frame index.



Tensor type and free-index balance. A tensor of type (k,[) carries k upper abstract indices
and [ lower abstract indices. An equation written in abstract index notation must have the same
free abstract indices on both sides. For example,

u + 0" =w
is meaningful, while

u® 4 v° = w®
is not a well-formed tensor equation, because the free indices are not balanced. The index name
itself is not important; only the pattern of free indices matters. Thus u® and u® both represent
the same vector field, provided the index is free and no contraction is involved.

Repeated abstract indices indicate contraction. For example,

wev®

is a scalar, and

T%0"
is a vector. The repeated index must appear once upstairs and once downstairs. Repeated
concrete indices are summed in the ordinary component sense. For example,

51']' e’ae] b
means a sum over the internal frame labels 7, j.
Tensor products and order of indices. In abstract index notation, tensor products are

expressed by writing indices in the appropriate slots. For example, if w, and p, are covectors,
then

Wa b
denotes the tensor product w ® p, while
Hab
denotes p ® w. In general,
Wafth 7 Whlta,

because the two expressions correspond to different assignments of covectors to tensor slots. The
order of tensor slots is therefore part of the tensorial information.

Metric and raising/lowering of indices. A metric tensor is written as g,p, and its inverse
is written as ¢*°. They satisfy

b
ga Gbe = 5ac-
The metric identifies vectors and covectors:
b b
Vg = Gab¥ wt = ga Whp-

Although v* and v, are mathematically different tensor fields, they are naturally associated once
a non-degenerate metric has been chosen. This convention will be used frequently.
For a spatial hypersurface ¥, the induced spatial metric is denoted by

habv

and its inverse is denoted by
hab
The corresponding spatial index raising and lowering operations are
Vg = hapt?, w® = h®wy,

whenever the tensors are purely spatial.



Coordinate components and coordinate bases. Although abstract indices do not take
numerical values, one may obtain components after choosing a basis. If z* is a coordinate system,
then the coordinate basis and dual basis are written as

(83,) (d")..

For a tensor 1'%, its components in this coordinate basis are defined by

o b
o= i ()
xXr

Equivalently, the tensor itself may be reconstructed as

8 a
ro=n, () @

Here the Greek labels u, v, ... are ordinary coordinate component indices, while a, b, ... remain
abstract tensor indices.

Vielbein conventions. When an orthonormal frame is introduced, we use the dual vielbein

and the vielbein

They satisfy 4 '
e'qe?; =6';.

On a purely spatial manifold ¥, one also has
eiaebi = 5ba.

If the spatial hypersurface is regarded as embedded in spacetime, then the same expression is
understood as the spatial projector, ‘
elaeli = hl,.

The spatial metric can be reconstructed from the dual vielbein as
hab = (5ij€ia€jb.

Similarly, its inverse is
hab = (Weaiebj.

Thus the vielbein converts between abstract spatial indices and concrete internal frame indices.
For example,
v = el v?, v® = %0

Symmetrization and antisymmetrization. Round brackets denote symmetrization with
weight one:
1
Tiar) = 5 (Tap + Tha) -
Square brackets denote antisymmetrization with weight one:

1

Tiap) = 3 (Tap — Tha) -

10



For more indices,
Tarwa) = Z.Z (1) " 0n ()’

and
Tayean) = 77 ngn Tayy-anay

where the sum runs over all permutations of 1,...,1L.
A vertical bar inside brackets means that the enclosed index is excluded from the symmetriza-
tion or antisymmetrization. For example,

1
T[a|c|b] = 5 (Tacb - Tbca) .

This convention is useful when writing expressions such as the torsion-free Cartan equation,
Tiab = 28[aeib] + Qwi[a‘j‘ejb].
Here the index j is not antisymmetrized; only the abstract indices a, b are.

Useful algebraic rules for brackets. The bracket notation is not only a definition of
symmetric and antisymmetric parts, but also a useful computational device. We summarize
several identities that will be used repeatedly.

First, brackets are inherited through contractions. For example, if S % is totally antisym-
metric, then only the totally antisymmetric part of T, ...q, contributes to the contraction:

Tal"'alS[almal] = T[al...al]salwal = T[al-..al]S[al'“al].
Similarly, if S%% is totally symmetric, then
Ta1~~~azS(almal) = T(al...al)Sal'"al = T(al...al)S(al"-az).

In words, when a tensor is contracted with a totally antisymmetric tensor, the symmetric part
of the other tensor is irrelevant; when it is contracted with a totally symmetric tensor, the
antisymmetric part is irrelevant.

Second, nested brackets of the same type may be removed. For example,

Tabld = Tlabd)»

where

1
Tkl = 5 (Thave] = Tioac]) -

Similarly, nested round brackets may be removed:

T(ab)e) = T(abe)-

Thus repeated symmetrization or antisymmetrization over the same set of indices does not
produce a new operation.
Third, symmetrizing and antisymmetrizing over the same set of indices gives zero. For
example,
Ty =0, Tiafpea) = 0-

The reason is that a tensor cannot be simultaneously symmetric and antisymmetric in the same
pair of indices unless that part vanishes.

11



Fourth, the contraction between a totally symmetric tensor and a totally antisymmetric
tensor over the same indices vanishes:

T) S|4 = 0.

More generally,

T(al...al)S[ —0.

ai--a)

This identity is frequently useful when simplifying curvature and torsion expressions.
Finally, if a tensor is already totally symmetric, then its totally antisymmetric part vanishes:

Toyar = Tayva)y = Tlaya) =0
Conversely, if a tensor is already totally antisymmetric, then its totally symmetric part vanishes:
Tal...al = T[a1~'az] — T(a1~~-al) =0.

For instance,
T = T(ab) = T[ab} =0,

and
Tw = T[ab] - T(ab) =0.

These rules will be used freely in later calculations. For example, the symmetry of the

extrinsic curvature,
Koy = K(ab))

immediately implies
Kigp) = 0.

Likewise, for the exterior product of two one-forms,
(a A 5)ab - 20‘[(151)]7

only the antisymmetric part in the abstract indices a, b is relevant.

Exterior products. For one-forms o, and (3,, the exterior product is

(@A B)ab = 2048y = aafb — fa-

More generally, exterior products are always antisymmetrized over the relevant covariant indices.
This convention is consistent with the Cartan structure equation

Top = da€’y +w, j A€y

Covariant derivative and spin connection. The spacetime covariant derivative is denoted
by
Va.

After a 3+ 1 decomposition, the spatial covariant derivative compatible with hg; is denoted by
D,.
When a vielbein is used, the spin connection is written as

i

We j-

12



It carries one abstract covector index a and two concrete internal indices 7, j. Metric compatibility
in the internal orthonormal frame implies

Equivalently, the spin connection is valued in the Lie algebra of the internal rotation group.
In two dimensions it is so(2)-valued, while for the spatial triad in Ashtekar’s formulation it is
s0(3)-valued.

The vielbein compatibility condition is written as

Dge'y =0,
or more explicitly,
Og€'p + wlaje]b —Tupe'e = 0.
This equation determines the spin connection associated with a given vielbein and spatial metric.

It is the same geometric object that later enters Ashtekar’s connection.

Summary of index meanings. Throughout these notes, the following convention will be
used:

Index type Meaning ‘ Example
a,b,c,... abstract tensor indices Ve, Wy, hap
i,j,k,... | concrete internal frame indices | ¢’,, E%, ',
Wy, p, ... | coordinate component indices | T#,, (dz"),

The abstract indices encode tensorial type and contraction structure, while the concrete indices
label components in a chosen basis or internal frame.

4 341 Decomposition

The geometric construction used in this and the following sections follows the standard 3 + 1
decomposition of spacetime into spacelike hypersurfaces, with lapse, shift, induced spatial metric,
spatial projection, and extrinsic curvature [5, 4, 3].

Relativity broke the absolute concept of simultaneity and recognized that only spacetime is
an absolute physical reality, independent of human factors. The concepts of space and time only
acquire meaning after selecting a frame of reference and performing a ”3+1 decomposition” of
spacetime and are therefore relative. Since the most significant difference between Hamiltonian
mechanics and Lagrangian mechanics is that Hamiltonian mechanics places time in a special
position, it is necessary first to define what time is artificially, which inevitably involves a
particular 3+1 decomposition of spacetime.

First, we can artificially define a set of spacelike hypersurfaces {3,} that can be described
by a specific parameter ”t” in spacetime. Then, we define a timelike vector field t* pointing
to the future, and it has the relationship t*V,t = 1 with the parameter ¢ we just used to
describe the hypersurface. The vector field t* can be used to generate world lines and therefore
can be understood as a specification of the observer. All observers, combined with spacelike
hypersurfaces {¥;}, constitute a 34+1 decomposition of spacetime. We can then decompose t*
into components that are orthogonal and tangent to ;. The orthogonal direction to ¥;, which
is the unit normal vector field of spacelike hypersurfaces, is denoted as n®, and the component
in this direction is labeled with a scalar field IV, usually called the lapse function. The vector
field tangent to X; is denoted as N® and is called the shift vector field.

t9 = Nn® + N* (30)

13
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nana = -1
Nn¢ t® = Nn%+ N?@
‘fL_a— —se; ————— ''Time-like
fur?ction N 1 vector field
l' tavat =1
:
]
1
1
]
1
1
— a
shift vector field

Figure 2: Schematic diagram of lapse function and shift vector field.

Since n® is the unit timelike vector field, it naturally satisfies n®n, = —1 everywhere. From
this, we can obtain the following relationship between n, and V,t.

t*Vat =1 t*Vat =1
‘ = “ =ng = —NV,t (31)
t'ng = (Nn* + N*) n, tng, = Nnn, = —N

From Eq. (31), we can see that the lapse function N only depends on how ¥ is layered. Now, let’s
introduce a coordinate system that conforms to the properties of the reference frame described
above. Let {z'} be a local coordinate system on Y. The observer’s world line carries this
coordinate system outward, meaning that points on the world line have the same local coordinate
system {z'}. Then, using the parameter ¢ labeled X; as time, it becomes a four-dimensional
coordinate system {z° = ¢, 2'}, sometimes called the co-moving coordinate system. In such a
coordinate system, we want to write down the components of metric.

ds? = gogdt2 + 2g0idtdxi + gijdxidxj (32)

14



Since 1 = (9/0t)*(dt)q = (0/0t)*V 4t, we can specify t* = (9/0t)*. According to Eq. (30), the

goo component is:
AR
900 =Yab ((315) ((%)

—gap (NR® + N (Nnb + Nb)
:N29abnanb + gabNaNb

Here N* = N%(d2%)q, Ny = gapN?, and N; = N, (0/02")®. Similarly, the go; components can be

written as:
90i =Yab 8t 895’

9 b
= Nn®+ N® .
gab( n-+ )<axz>

8 b
=N <8x>

=N; (34)

Therefore, according to Eq. (32), Eq. (33), and Eq. (34), we can write a small spacetime interval
as:
ds®> = (—=N? + N'N;) dt?* + 2N;dtdz" + gijda'da’ (35)

A more common equivalent is as follows:
ds* = —N?dt* + g;; (N'dt + da") (N7 dt + da?) (36)

5 Spatial Tensor

After performing a 3+1 decomposition on spacetime, we can meaningfully discuss the concepts
of space and time. Geometric objects in spatial directions will play an essential role in the
subsequent discussion because they are related to the determination of generalized coordinates.

First, based on the 3+1 decomposition, we can define a spatial projection matrix h9 that
satisfies h“bnb = 0 and h9n, = 0 as follows:

h%, = 0% + n'ny (37)
We can now define a tensor T'¢ as spatial if it satisfies the following condition.

T‘an =0

T4nq =0 (38)

T4 = hh4 T
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In fact, it is highly non-trivial for a tensor to satisfy spatial conditions; exceptions can occur even
starting from the simplest coordinate basis. Let {t, 2’} be the coordinate system corresponding
to the 3+1 decomposition. Then (9/dz")* must be the spatial tensor; however, (dx?), is not
necessarily the spatial tensor.

0 — (dt)oN")
o # (d2')a (39)

We will see various manifestations of the nontriviality of spatial tensors later. For example, after
covariant differentiation of a spatial tensor, it is usually no longer a spatial tensor. Therefore,
the projection matrix h9 will be used frequently.

In Hamiltonian mechanics discussions of gravitational fields, two spatial tensors play crucial
roles: the induced spatial metric h,, and the extrinsic curvature K,,. The definition of the
induced spatial metric is as follows:

hab = Jab + ngny (40)
hob = g“b +nonb (41)

The definition of extrinsic curvature K, is as follows:

Kap := hShiVeng (42)

Furthermore, the definition of extrinsic curvature can be simplified for the following reasons.

Kap =h SRV eng
=hS(02 + nyn®)Veng
1
:haC(Vcnb + §nbvc(ndnd))

1
=hq (Veny + 5mpVe(=1)) = hg'Very (43)

Since n? is chosen to always be orthogonal to the hypersurface 3; described by t, this ensures
that K is always symmetric.

Ky = Kpg (44)

To simplify the following discussion, the following two conventions are introduced here.

K = h"K,, (45)
h = det(hap) (46)
g = det(gan) (47)
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6 Spatial Derivative of Spatial Tensor

As mentioned earlier, a spatial tensor generally ceases to be a spatial tensor after covariant
differentiation. Therefore, it is necessary to define a spatial derivative D, to perform covariant
differentiation while preserving the spatial tensor. Its definition is as follows:

D.T$ := h%hSh )V ;1Y (48)

Next, we verify whether the spatial derivative D, is compatible with the spatial metric under
this definition, that is, we verify whether the inner product in the spatial part is invariant under
this definition.

Dehay =h2hEh IV thge
=hIhEhSV £ (gde + nane)
=hhyf (WS V tgae + hd Vg (nane))
=hIh (0 + hSV (nane))
=hlhEhS Y p(nane)
=(hina)hfhd Vi(ne) + hl(nehf)h SV i(na) = 040 (49)
Therefore, the spatial covariant derivative D, is indeed compatible with the spatial metric hgp.

Due to the non-commutativity of the spatial covariant derivative, a three-dimensional spatial
Riemann curvature tensor 3Rabcd can be defined as:

3Rabgwd = 2D[an]wc (50)

Since the projection matrix also requires differentiation, the calculation of geometric objects
involving higher-order differentiation becomes more complex. Usually, the projection matrix is
no longer used to project the four-dimensional target directly. It is worth noting that extrinsic
curvature often appears as a correction term.

2Do Dywe =2h Ih Sy "V e(h) 12V qwy)
=2hJhShy Ve (85 + ngnd )h 4V wy)
=2hIh "V (heV awy — ngwrh iV and)
=2hIhER"V e (hEV qwy — ngw K1)
:thghbm(hfvewqivdwg) - (h;Veng)waW{ - haengve(Wwa{))
=2(hShSh"Ve(hiaVawg) = hf Kagws I = 1" h (hing)Ve(wsK,)
=2(h IRV o (h2V gy) — Kaew K,) = 0)
=2hIh NIV NV awy + 2hIhER™ (Veh,b) (Vawy) — 2K oK, wi
=2hIh IV NV awy + 2hIh hEV o () (Vaw,) — 2K e K, wy
=20 IhEREIV YV gy + 203 (Kapn® + ™ nimh £V en®) (Vaw,) — 2K e K, wi
=2hIh IV Y qwy + 203 (Kapn® + 0)(Vaw,) — 2Kac K, w;
=20 IR IV NV awy — 2Kac K, wp + 2K ph S0V gy (51)
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2Dja Dyjwe =2h S by h IV N gy — 2K oo K w i + 2K i h InV gy
=2y h IV NV gy — 2K o Ky
=2h [ h DIV gy — 2K o Ky
=2h S hhIV |V gy — QKC[aKb]f wp
—h M h Regf'wom — 2K o Ky

=h b h I R g — 2K o K wy (52)

After the above complex calculations, we successfully obtained the following expression for the
spatial Riemann curvature tensor, which is important for subsequently writing the gravitational
field theory in the form of Hamiltonian mechanics.

Ryl = hihi'h I, Ry — 2K o K, (53)

Next, we calculate the spatial Ricci scalar 2R corresponding to the spatial Riemann curvature
tensor.

3R —pacpbf 3Rabcf
=h B B IR IN " Reggm — hhY 2K o Ky
=h°9hI™ Roggm — hhY (Koo Ky — Ko Kog)
=h9hY Reggm — K + K4 K (54)

The first term of Eq.(54) needs further simplification because we want to find a clear relationship
between the spatial Ricci scalar 3R and the original four-dimensional Ricci scalar R.

BB Roggm = (g0 + 1) (9™ + n'n™) Rem

(R + 2n°n? Reg + n°nnn"™ Reggm)

(R + 2n°n?Reg + nn™nn™ Rieg gm )

=(R+2n°nReq + n[end]ngnmRedgm)

=R+ 2n°nY R, (55)

Combining Eq. (54) and Eq. (55), we obtain the following results.

R =hh" Reqgm — 2n°n9 R,
=2n‘nYGey — 2n°nIRey

=GR+ K? — K4 K®) — 2n°nI R, (56)
We are also curious about the relationship between the spatial Ricci scalar 2R and the Einstein
tensor Ggp. So we can rewrite the first term of Eq.(54) again using the following Einstein tensor.

1
Geg = Reg — iRgeg (57)
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WY Roggm =R + 2n°n9 Reg
1
=R 4 2n°n9 <Geg + 2Rgeg>
=R+ 2n°nGeg + nneR

—R+20°n9Gey — R
=2n°nIGeg (58)

Combining Eq. (54) and Eq. (58), we obtain the following results.

3R :heghdmRedgm _ K2 + chch
=2n°n9Gey — K* + K K<
= 2n°n9Gey = R+ K% — K4 K (59)

Combining Eq. (59) and Eq. (57), we can again obtain the result of Eq. (56).

7 Time Derivative of Spatial Tensor

In the context of the 3+1 decomposition of spacetime, an important objective is to discuss the
problem of time evolution, that is, to find the derivative along a vector field t*. Finding the
derivative along a vector field is called the Lie derivative. First, the Lie derivative for a scalar
function f is defined as follows:

(s F)l = lim Gad =la

At—0 At

— i 1@a(@) ~ f(9)

At—0 At
=(t"Vaf)lq (60)

It can be observed that the Lie derivative for a scalar function f is consistent with the covariant
derivative, and the definition of the Lie derivative for a tensor is the same as below, but the
specific implementation will be shown later.

(¢Zt Tab) B Tab

LT =1 61
A ) At (61)
The Lie derivative rule for a vector field is as follows:
) (¢* ua,) _ ,LLCL
L0 At
Lyu Al}:r—rio At

o 6(At)fuae(—At)f_ u®

A At

=[t,u%] = t*'Vyu — ubVyt? (62)

Combining Eq. (60) and Eq. (62), we can obtain the following Lie derivative of the dual vector
field.
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Ly (uw,) =tV (uwg)
Lyu® = tPVyut — ubVyte
=Ly wg = t*Viyw, + wp Vot (63)

Based on Eq. (62) and Eq. (63), the specific implementation of the Lie derivative for a general
tensor in Eq. (61) is as follows:

Ly T = 1V, T% — TGV at® + TVt (64)

Thus, given a spatial tensor T'%, the time derivative can be defined as:

T% = hhd Ly T = Ly TS (65)

The Lie derivative along the vector field t* can be described by two parts: the lapse function N
and the shift vector field N?, based on the 3+1 decomposition.

Tcd:Z{TcdzﬁNﬁJrﬁ cd:(NZﬁ —{—Zﬁ )Tcd (66)

Now, how the induced spatial metric field h,p evolves is important. According to Eq. (66), we
can calculate the contributions of the directions of Zﬁ hap and L ~ hab separately. Note that,
to maintain a spatial tensor, we first compute the Lie derivatives and then project. First, we
consider Lz hgp.

Eﬁ hap :ncvchab + hzzcvbnc + hcbvanc
=04 nVe(ngnp)) + (gacVen + 0) 4+ (g Van® + 0)
=n,nVeng + mpnVeng + Veng + Verp (67)

Then, project it to the spatial part and use the extrinsic curvature defined in Eq. (42).

Lit hab =hSh'Liz heq
=04 0+ hShd(Vane + Veng)
=Kpo + Kap = 2Kyp (68)

Perform the same operation in the shift vector direction and use the spatial covariant differentia-
tion defined in Eq. (48).

L hay =h WL heq
=h S (NV heg 4 hee VaNE + hegVN)
=(040) + (hhVaNe + 0) + (hhV Ny + 0)
=DyN, + DaNy, = 2D, Ny, (69)

Finally, we obtain the following expression for the evolution of the spatial metric Agp, which is
crucial for the subsequent calculation of canonical momentum.

iLab = Z{ hay = 2N Kgp + QD(QNb) (70)
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8 Canonical Variables of Gravitational Field

The derivation in this section follows the standard ADM decomposition of the Einstein—Hilbert
action, up to boundary terms [5, 3, 4].

To write down the Hamiltonian mechanics of the gravitational field, we should start from
the action and Lagrangian density. Here we consider the gravitational field in the vacuum.

SgH = /R\/—g dtz = /g“bRab\/—g dz (71)

Through the principle of least action, we obtained the equations of motion for the gravitational
field in the vacuum.

1
5SEH = / (Rab - 29abR> 5.gab\/ ) d4.23' (72)
1
5SEH :OiRab—igabRZO (73)

We derive the equation of motion by varying the action with respect to the metric field, which
means that the metric field is the generalized coordinate among the canonical variables. With
this understanding, our goal is to rewrite the metric field as a generalized coordinate in the form
of a 3+1 decomposition. According to Eq. (41), the metric can be written as:

gab :hab _ nanb — hab . NfZ(ta . Na)(tb . Nb) (74)

= ¢®|5, determined by (N, Ny, hap)|s, (75)

According to the results of the metric rewriting, under the 341 decomposition, there are three

kinds of generalized coordinates of the gravitational field: the lapse function N, the dual shift
vector field N, and the spatial metric field Ay, .

The next step is to rewrite the Lagrangian density using the 3+1 decomposition method. We
have already obtained the 3+1 version of the Ricci scalar in Eq. (56), so we can write it directly:

£ =R\/~g
=GR+ K? - K4K® — 2n°n9Rey)v/—g (76)

The last term, n°R.4n, requires further calculation to determine its properties.

nRegn? =nR, . ;n?
=—n%(VV.— V. Ve)n©
= —nVe(Ven©) + nVe(Veno)
=—V(n°Vn) + (Ven®)Ven© + Ve (nVen®) — (Ven)Ven®

= - Ve(nevcnc) + K? + vc<neven6) — K K™ (77)

After rewriting the Lagrangian density, the following results were obtained.

£ =R+/—g
=CR+K* = KaK® = 2K? + 2K K 4 2V (n°V,n®) — 2V (n°V.n))v/—g
=(R— K? + KaK)V/=g + 2(Ve(n°Ven®) — Ve(nVen©))y/—g (78)
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Consider integrating the Lagrangian density over spacetime; the last two terms in Eq. (78) can
be regarded as boundary terms using the divergence theorem.

gboundary = Z(Ve(nevcnc) - vc(nevenc)) vV —4g (79)

Boundary terms can be ignored under certain assumptions, such as assuming the universe is
a compact manifold without boundaries, or that spacetime is asymptotically flat. However, a
more stringent condition is that the Gibbons—Hawking—York boundary term must be introduced
to eliminate boundary terms truly. The following discussion directly assumes that boundary
terms are eliminable and ignores them.

The next goal is to rewrite v/—g as a 3+1 decomposition version. Since y/—¢g comes from
the volume form e, its definition is as follows:

{eabcd = /=g (dt)a A (dz')y A (dz?) A (daP)g (80)

€:=+/—g dt Ndx' A dx? A da3

If we define a spatial volume form by contracting the time direction of the volume form with the
normal vector n® of the spatial hypersurface as follows:

36 = naeabcd (81)

We found that this definition is actually flawed because, according to Eq. (39), (dz?), is not
necessarily a spatial tensor. Therefore, 3€ defined in this way may not satisfy the definition of a
spatial tensor. Furthermore, 3€ defined in this way will change over time, that is:

Ly3e#0 (82)

To ensure that the newly defined spatial volume form does not change over time, we modify the
definition as follows to remove the effects caused by time-related functions in the metric.

€abed = (dt)a VAN (dl’l)b VAN (da;2)c N (dl’3)d
e = dt Adz! A da® A dx? (83)
t%qpeq = dxt A dx? A da?

Furthermore, to ensure that it satisfies the definition of a spatial tensor, we project it using a
projection matrix and finally define the spatial volume form 3e as follows:

Be = hy"h h it amm = (t%€abea)”™ (84)

In this way, the integral of spacetime can be rewritten using the time-invariant spatial volume

form 3e as follows:
/:';36:0:>/d4m:/dt/ Se (85)
pa

Next, we can obtain the description of \/—¢ under 3+1 decomposition using the following
method.

22



t/—9g €abed = t"€abed = Nn"€aped + N €aped = N1€qped

e e = () (5255

=v—g=NvVh (86)

Combining Eq. (70), Eq. (78), and Eq. (86), and ignoring boundary terms, the Lagrangian
density can be written as:

{.z = (PR - K? + Ko, K?)NVh &7

Kap = 3N~ (hay — 2D(,Ny))

Since we know from Eq. (75) that there are three generalized coordinates (N, Ng, hap). When
deriving the canonical momentum from the Lagrangian density, we can immediately obtain
two types of primary constraints, one associated with the lapse and the other a vector-valued
constraint associated with the shift.

{WN =0.%/0N =0 (58)

., =0%/ON, =0

Ng —

b

The only non-zero canonical momentum is the canonical momentum 7 corresponding to the

spatial metric field hyp as a generalized coordinate.

WabEwZQﬁN<KCd%_KW> (89)
Ohap Ohap Ohap
Where
OKeg 1 Ohea 1 (4
Kot _ 1 Ot _ 1 g0 %0
ahab ON 8hab IN ¢ d ( )
and
0K  O(h“K.) hcdi(;(a(;b) _ Lhab (91)
8hab ahab 2N € ’ 2N

After the above calculations and simplifications, the canonical momentum 7% of the spatial
metric field is:
7 = Vh(K®™ — Kh™) (92)

According to the Dirac-Bergmann algorithm mentioned at the beginning, the derivative of
the generalized coordinate with respect to time, excluding the primary constraints, can be solved
by the canonical momentum and the generalized coordinate. The following further verifies this
matter.

7 = hapm™® = Vh(hay K — Khgph™) = V(K — 3K) = —2VhK (93)
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K = —n/(2vh)
7rab — \/E(Kab _ Khab)

1 1
=>Kgp = NG (mzb - 27Thab> (94)

We can see that hab is indeed solved in terms of canonical momentum 7 and generalized
coordinates (N, Ny, hqp)

. 1 1
hap = 2N Koy + 2D(yNyy = 2N — ( 7tap — =7hap | + 2D, N, 95
b b (a{Vb) 7h ( b5 b> (aiVb) (95)

9 Hamiltonian Formulation of Gravitational Field

Now that we understand all the canonical variables (N, Ny, hap; 7°) required for Hamiltonian

mechanics of gravitational fields, we can rewrite the Lagrangian density using canonical variables
as follows:

£ =(R-K*+KuoK*)NVh=NVh [31% + % <7r“”7rab - ;ﬂ)] (96)

Now, through the Legendre transformation, we obtain the Hamiltonian density.
H =1"hay — L

2N 1
:ﬁ <7Tab7Tab - 27T7Tabhab> + QﬁabD(aNb) -

2N b 1 2) b
=— | 7y — =77 | + 27D Ny — &
Vh ( 2 e
1 1
=NVh {—31% +5 <7T“b7rab — 27{")] + 21D, Ny, (97)
H= Se
pa

—/ 3eNVh [—3R + 1 <7Tab7rab — 17r2>]
5, h 2

- 2/& 3eVhN,D, (7:;;)

v2 [ evim, <Nj;b) (98)

With the Hamiltonian density, and by utilizing Eq. (85) and neglecting boundary terms, we
finally wrote down the Hamiltonian for the gravitational field under 3+1 decomposition.

HIN, Ny, hap; 7]
:/ 3eNVh [—3R+ 1 <7Tab7T b— 17r2>] — 2/ *eVhIN, D <7Tab> (99)
=, h 2 S Vh
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According to the Dirac-Bergmann algorithm, the gravitational field now has two primary
constraints (Eq. (88)), each of which should satisfy the consistency condition in Eq. (17).
However, since H is a functional, we also need to rewrite the canonical momentum 7, and
Ty, Which serve as primary constraints, as functionals. Let 7 and 7, each integrate over
spacetime. We name the resulting functionals I, and II .

HNa - fzt 38\/EWNG

Thus, the consistency condition can be read as:

{{HN, H} +{II,, I, Ay, =0 (101)

{HNavH} + {HNE7HN})\N ~0

From Eq. (100), we know that {II, I, } ~ 0. However, according to Eq. (99), {Il, H} = 7
and {II, , H} = 7, may not be zero. Therefore, the secondary constraints are given as follows:

{(6H/5N) = Vh[-3R+ 3 (7%mq — 37%)] =0 (102)
7I.ab o
(8H/6Ny) = —2/hD, (ﬁ) =0
We denote the secondary constraint of the scalar property as C.
1 1
=3R4+ & <7T“b7rab - 27r2) =0 (103)
We denote the secondary constraint of the vector property as C?.
Cb = —2D,(h"?7x%) =0 (104)

These are the standard ADM Hamiltonian and momentum constraints [5, 3].

We can further verify that the Poisson brackets of all primary and secondary constraints are
zero on the constraint surface. Therefore, according to Dirac’s classification, the gravitational
field system belongs to the first-class of constraint systems. This also means that the two primary
constraints correspond to two free Lagrange multipliers (in this case, this means one scalar field
and one vector field).

{N = (§H/dmy) + (11, /67 )My = VA, (105)

N, = (6H/ém ) + (01, /67y )Ny, = VRA,,

Now let’s rewrite the Hamiltonian using secondary constraints. After combining Eq. (99),
Eq. (103) and Eq. (104), the Hamiltonian reads

HIN, Ny, hay; 7] = / Sev/h (NC + Nbe) (106)
3¢

This formulation is also called the Arnowitt-Deser—Misner (ADM) formalism. Suppose we
consider the Hamiltonian as the generator of evolution in Eq. (106). The scalar secondary
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constraint generates a lapse function " N” related to time selection, while the vector secondary
constraint generates a dual shift vector field ” V" related to space selection.

It is time to discuss the implications of gauge degrees of freedom in the context of Hamiltonian
mechanics. Gauge degrees of freedom are generally defined as the degrees of freedom derived from
an infinite-dimensional group when the action is invariant under its influence. This invariance
imposes constraints on the canonical variables, which form orbits on the constraint surface.
Points on the same orbit can sometimes be considered equivalent descriptions of the same
physical state, while at other times they should be viewed as different stages in the evolution
of the physical system. The discussion of gauge only aligns with gauge theory in the first case.
The second case concerns the degree of arbitrariness in time as a parameter describing evolution;
this process is usually called parameterization.

In physics, interesting theories typically have constraints associated with gauge that are
linear functions of canonical momentum, while those associated with parameterization are often
quadratic functions of canonical momentum (Eq. (103)). In field systems, electrodynamics
and Yang-Mills theory are traditional gauge theories, in which the constraints are linear and
homogeneous with respect to the canonical momentum. A typical example of parameterization
theory is general relativity, where constraints associated with the arbitrariness of time choice
are quadratic in canonical momentum (Eq. (103)), and there are also linear diffeomorphism
constraints related to the invariance under spatial diffeomorphisms (Eq. (104)), which act as
gauge groups.

10 Ashtekar’s New Variables

The reformulation of canonical general relativity in terms of complex connection variables follows
Ashtekar’s new Hamiltonian formulation [6, 7, 8].

From the previous sections, we have learned that in the vacuum, the gravitational field’s
true dynamical canonical variables are the spatial metric field h,;, and its conjugate momentum
7%, Under this formulation, the constraints possess a non-polynomial structure (Eq. (103)).
According to the quantization procedure, once we promote the constraint equations to operator
equations, they become difficult to solve. However, in principle, this difficulty could be overcome
by performing an appropriately chosen canonical transformation on the canonical variables.

Traditional canonical variables (hqp, 7%) are a pair of tensor fields defined on the three-
dimensional manifold ;. Let {ef | i = 1,2, 3} denote a local frame field (vielbein) on ¥, and
{ei} its dual frame field (dual vielbein). These frame fields are required to be orthonormal with
respect to the spatial metric hgp.

— i oJ
hab = 5ij€§z€b

ef'le? =4} (107)
cheb — ot

However, requiring orthonormality with respect to the spatial metric hy, does not uniquely
determine {e?}. Rotations and reflections (i.e., an overall sign flip) of {e} by elements of
O(3) do not affect their orthonormality under the metric hgp. In the formulation with the new
variables, {ef} will replace hyp as the canonical variables. In accordance with the structure of
the Lagrangian density, we first define the following objects in the same local frame.
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7 A 0 ¢
€j =€, (8{[;1) (108)

det(e) = det(e?) (109)
h = [det(e)]? (110)
e = sgn(det(e)) (111)

Now we define a densitized frame field in three dimensions as follows:

E? := det(e)e? (112)

Since det(e) can cancel out the negative sign during the inversion of {ef}, the degree of freedom
of E¢ is restricted to a rotation of SO(3). Given that K, is the extrinsic curvature of ¥; in
Eq. (43), we define

K} = eKqe)s" (113)

However, using (E¢, K!) as the new canonical variables cannot simplify the constraint C' = 0 in
Eq. (103). Ashtekar discovered that, in order to achieve a simplification of the constraints, one
must modify the connection compatible with the spatial metric field hy,. Here we start from the
compatibility of the spatial derivative:

Dyhpe =0
= Da(éijeéeg) =0
= Dyej =0
= Dgel + w,jjei — Tl =0 (114)
Using the orthonormality of the frame field, we have the connection one-form (spin connection):

Daey + w, je5 — Tpee =0

= waijei = —(Daep — Ipel)

= wjjeiei = —eZ(@aei —Tel)

= waik = —ezvaez

= wi) = eVl (115)

Before returning to the three-dimensional spatial manifold ¥, it is useful to give a simple
example showing explicitly how the spin connection is computed from a vielbein. Consider a
two-sphere S? with radius R. Its metric is

Gap = R*(dB)o(dO)y + R*sin® 0 (do)(do)s.

Here a, b, - - - are abstract tensor indices on S?, whereas i, j,--- = 1,2 are internal frame indices.
The dual vielbein e*, such that
Gab = 0ije’o€’p.

A natural choice is
ely = R(df),, €%, = Rsinf(dd),.
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The corresponding vielbein e®; satisfies

i _a i i b b
eaejzéj’ e’y =0,

(l_l ga a 1 ga
“1=gr\00) 27 Rsmo\ds)

The spin connection is determined by requiring the vielbein to be covariantly constant. In
Cartan’s language, this is equivalently expressed by the first structure equation. Here is a simple
derivation. First, take the exterior derivative of the dual vielbein:

and is given by

dee', = &,eiu(dacy)c A (dxt)g (116)

And use Eq. (114) to substitute the d,¢’,, one gets

dceia = (F‘Vlueid — wyijeju)(dznl’)c A (dzt)q

Sdee', +wljely = (T8, (de")e A (da)a) (117)

If torsion vanishes, that is Fgu = Fﬁy, then

dee'y + wcijeja =0 (118)

Metric compatibility implies that the spin connection is antisymmetric in its internal indices:

wii=—wl (119)

Therefore, in two dimensions the spin connection is s0(2)-valued and has only one independent
component:

1 _ 2
Wa2 = ~Wa1

We now compute the connection explicitly. From

el = Rdf, e? = Rsin 6 do,

we obtain
de! =0,
and
de? = Rcos0df A d.
Since

e' Ae? = R%sin@df A do,

we can rewrite de? as
cotf |
= ——e ANe“.
R

The first Cartan structure equation gives two equations:

de?

de' +wly N e? = 0,
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and
de? +w21 Ael = 0.

The first equation is automatically satisfied if w'y is proportional to e. Thus, let
w? = fei.

Substituting this into the second structure equation gives

t 0
Vel ne? 1 fe Ael =0.

R

Using
2 Nel = —e! /\62,
we find ‘o
co
f - R .
Therefore,
t 0

w? = CC;% e? = cosfdg,

and hence

wly = —cos O dg.

Equivalently, the spin connection can be written as
w2 = cosf (do)a, wly = —cosf (dp),.

In matrix form,

{wis} = [(f 01} 036 (d6)a-

This example makes the geometric meaning of the spin connection explicit. The vielbein e,
gives an orthonormal frame at each point of the curved manifold, but these local orthonormal
frames are not globally constant. The spin connection (w,) j records how the internal frame
rotates as one moves on the manifold. For the two-sphere, the relevant internal rotation group
is SO(2), so the spin connection is an s0(2)-valued one-form. Sometimes, the spin connection
people refer to is a further lift of the generator via an algebraic isomorphism. For example, the
50(2) algebra corresponds to the spin(2) algebra, which is also the u(1) algebra.

In the Ashtekar formulation, the same idea is applied to the three-dimensional spatial
manifold ¥;. The spatial metric hgp is written in terms of a triad ey,

.
hap = 0ij€" €%,

Since the densitized frame Ef = det(e)ef possesses an SO(3) rotational degree of freedom, in
Cartan’s terminology Ef{ functions as a moving frame. Describing the variation of this moving
frame in terms of the frame itself leads to Cartan’s connection one-form, that is, the spin
connection. Moreover, because the motion of the frame is governed by SO(3) rotations, the
connection one-form is an so(3)-Lie-algebra-valued one-form. This means that the connection is
simultaneously a one-form and an element of the Lie algebra.

Let the basis of the Lie algebra so(3) be denoted by {a; | a; € s0(3),i = 1,2, 3}.

0 0 0 0 1 0 0
ag=10 0 —-1], aa=|0 0 0], az= |1 0 0]. (120)
01 0 0 0O 0 O



These matrices satisfy

[ai,aj] = eijkak (121)

We then write the SO(3) connection one-form as:

(Tv)’; = eiVie§ = (Thar)’; = —The’; (122)
Ashtekar defined a new connection as follows:
Al =TI —iKJ | j=1,2,3 (123)

The new connection implies a new derivative operator, which we denote by D, for the connection
A?. This new derivative corresponds to a new curvature tensor, or equivalently, by Cartan’s
curvature formula, the new connection gives rise to a curvature two-form. This curvature
two-form is likewise a complex so0(3)-Lie-algebra-valued two-form, which we denote by FY,.

A . 1. . .

Fy, = ngai = da( éaz) + 5[[142(17;, A{)aj]]
. 1 ) .
= dq(Apa;) + 5[% aj]Aq N Ay

— (2004} + €Al Al a; (124)

la

10.1 Derivation of the Ashtekar Constraints

We now derive explicitly how the ADM constraints are rewritten in terms of Ashtekar’s new
variables, following the standard connection-dynamical formulation of canonical general relativity
[7, 8]. The essential point is that the curvature of the complex connection

Al =T —iK!

contains both the intrinsic curvature of the spatial hypersurface and the extrinsic-curvature
terms appearing in the ADM Hamiltonian constraint.
First, recall that the densitized triad is defined by

E? := det(e)ef.

i

Since

h = [det(e)],

we have the basic identity

a b ij 2 a bgij ab

Therefore, the densitized triad contains the same metric information as h%®, but with an additional
internal SO(3) frame index.
The triadic form of the extrinsic curvature is

K .= eKabe?(Sij, e := sgn(dete).

For simplicity of notation, in the following derivation, we absorb the orientation sign € into the
definition of the triad and write
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K!EY = VK eef07€b = VK 6% = VhK,® (126)

Contracting the two spatial indices gives

KiE! = VhK (127)
Using the ADM momentum (Eq. (92))
7_[_ab — \/E(Kab o Khab),

we obtain

7y = Vh(Kb, — K0%) = KIE? — ' K'Ef (128)
This formula is the bridge between the ADM momentum variable 7% and the triad variables
(KG. Ef).
10.1.1 The Gauss Constraint

Replacing the spatial metric hqp by a triad introduces an internal rotational redundancy. Indeed,
under a local SO(3) rotation

el R'jel, R'; € SO(3),
the spatial metric is unchanged:
hab = 5”’626{) — 5inikle€];€é = 5kl€§€é = hab~

Thus, the triad description contains a gauge redundancy which is absent in the metric description.
The corresponding constraint is the Gauss constraint [7, 8.

To avoid confusion with the spatial covariant derivative D, compatible with h,;, we denote
the gauge-covariant derivative defined by the Ashtekar connection A% by D,. Acting on an
internal vector v;, note that the quantities A% are the coefficients of the s0(3) basis in Eq (120),
it is

D,v; == O04v; — (Azbaj)ki’l)k = 0,v; + 6Z'jkAgUk (129)
The Gauss constraint is
Gi :=Dy,E] =0 (130)
Since 4 ' '
A, =T —iK}
We have
DoE} = 0.E} + €i" (I, — iK})Eff = D} Ef —ie;* K] E} (131)

The spin connection I'!, is compatible with the triad, so

DIEf = 0.
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Therefore
Gi = —ie;;"KIEY. (132)
Hence
Gi=0 =  FKIE! = Vhe Koyebje = Vhe Ky = Vhe VK5 =0 (133)
This is precisely the internal-index form of the symmetry of the extrinsic curvature:
Kap = Kpa = K(qp)

Therefore the Gauss constraint is not an additional physical restriction on the ADM phase space.
It is the constraint generated by the internal SO(3) redundancy introduced when h is replaced
by a triad.

10.1.2 Curvature of the Ashtekar Connection
The curvature of A’ shown in Eq. (124) is

Fly = 20,43 + eijkA{aA’g]

Substituting ‘ ‘ ‘
A, =T —iK}

a

gives

wb(A) = 20Ty + €y T T — 200, Ky — ie’ 3T Kis — i€ 3 K Ty — € 3. K7, K

= Ry (T) — 2iD}, K}y — € u K K} (134)

la
Here
Ry () = 20,1 + € T T (135)

la

is the curvature of the triad-compatible spin connection. Equation (134) is the key identity
behind the simplification of the gravitational constraints [7, 8]: The first term gives the intrinsic
curvature of 3;, while the last term gives precisely the quadratic extrinsic curvature contribution.

10.1.3 The Vector Constraint

The ADM momentum constraint obtained earlier is
Co = —2Dy(h™1%7%,) = 0.

From Eq. (92), using
h12rb, = Kb — K6,

we obtain

Coy = —2Dy(K®, — K6°) = —2(DyK’, — D, K) (136)

Thus, the ADM momentum constraint is equivalent to
DyK°’, — D,K =0 (137)
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Now consider the Ashtekar vector constraint candidate

Vo= FYE? (138)

Using the curvature decomposition from Eq. (134),

Fly = Riy(T) — 2iD[ Kj) — eiijfé i
we find
Vo = Ryy(D)E} —iE} (Dy Ky — DyK;) — € K K E} (139)

The first term vanishes by the first Bianchi identity for the spatial Riemann tensor:

. 1 . .
L(D)EL = —§6jkz(3R)]kabE§’ =— [(33)12abE§ + CR)® 1 ES + (3R)23abEﬂ =0 (140)

The last term vanishes on the Gauss constraint surface, because the Gauss constraint is equivalent
to the symmetry of K.

i | 1ok b i c sjn d skm b jik j[ik
€K KB = € 1K afceq 8" Kpyaes, 0" B = —Vhe " K Ky = —Vhe/ ™ K, K gy = 0
(141)

Therefore, modulo the Gauss constraint,

Vo ~ —iE! (DLK} — Dy K}) (142)

Since D! is compatible with the triad, we may convert internal indices back into spatial indices:

E'DIK} = VDY (PKj) = VhD K (143)
and
E’DIK! = VhD} (!K',) = VhD, K", (144)
Therefore
Va = —iVh(DoK — DyK®,) = ivVh(DyK®, — D, K) (145)
Using
Co = —2(DyK®, — D, K),
we obtain

V, ~ f%ca (146)

Hence the ADM momentum constraint C, = 0 is equivalent, modulo the Gauss constraint,
to the Ashtekar vector constraint [7, §]

Vo= FLE =0 (147)
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10.1.4 The Scalar Constraint
The ADM Hamiltonian constraint obtained earlier in Eq. (103) is

1 1
= 3R+ 7 (W“bwab — 27T2> =0.

From Eq. (92) and Eq. (93), using
h71/2ﬂ_ab _ Kab - Khab

and
—2KVh =

we obtain

1 2
C'= =R+ (K™ = Kh™) (K — Kha) = 5 [21(\/%]
= 3R+ K%K, — 2K? + 3K? — 2K?
= 3R+ K%K, — K?=0 (148)

We now show that this is equivalent to the polynomial Ashtekar scalar constraint [6, 7, §]

S =" EYERFL, = (149)
Using the curvature decomposition Eq. (134),

wp = Rip(T) — 20Dl Ky — € K[V KG,

[a
we get
S = &M Ef YR, () — 2i* B B} D, Ky — €% Ef e o K[ K} (150)

The first term gives the spatial Ricci scalar. With the sign convention used here for the SO(3)
curvature,

MBS BYRL,(T) = —h (°R) (151)

The second term vanishes because it is the contraction of an antisymmetric spatial volume factor
with the symmetric extrinsic curvature. Explicitly, after converting internal indices into spatial
indices,

¥ BYBRD[ Ky = he™ D Ky = h ™Dy Ky = he®* Dy Kie (152)

la

Since
Kbc = ch = K(bc)7

we have
eID Ky =0

Thus, the derivative term does not contribute to the scalar constraint.
For the last term, use

. C o ik
e i€ mn = 0.0, — 867 .
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Then

—e/* B¢ ERe n KK
= (K[ En) (K En) — (KL En) (Kl B

= 3 [ 7 E2) — (3 B (2 B2) — (B2 (K ER) + (3 ) (K2 )|

= | (K7 B ) (G B — (K g, (K EL )|
From Eq. (126) and Eq. (127), using
K!E* = VhK,

and .
KIE’ = VhEK,?,

we obtain

—" BB i K[V K = h(Kap K™ — K?)

la
Combining the three terms gives
S=—h3R+ WK, K® - K?).

Therefore

S=h (—3R KK — K2)

That is,

(153)

(154)

(155)

(156)

Hence the ADM Hamiltonian constraint C' = 0 is equivalent to the Ashtekar scalar constraint

‘S = &, BV ELF, b_o‘

10.1.5 The Total Hamiltonian in Ashtekar Variables

The three constraints in Ashtekar variables are therefore

G; == DaEg =0,

Vo= FLEP =0,

and

S =€ EYE)F}, = 0.

(157)

The first is the Gauss constraint associated with the internal SO(3) rotation freedom of the
triad. The second is the vector constraint, equivalent to the ADM momentum constraint modulo
the Gauss constraint. The third is the scalar constraint, equivalent to the ADM Hamiltonian

constraint.
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Since

S =hC,
the ADM lapse term
VhANC
can be written as N
VENC = —=8.

Vh

It is therefore natural to introduce the densitized lapse

Ni= (158)

Similarly, from Eq. (146)
2iV, ~ VhCy,

the numerical factor relating the ADM vector constraint to V, can be absorbed into the Lagrange
multiplier multiplying the vector constraint.

N® := 2i{N® (159)

Therefore, the total Hamiltonian can be written in the Ashtekar form

HIA,E| = / 3¢ (Aigi + NV, + 1\75) (160)
3t

Equivalently,

H[A,E] = /Z 3¢ [AiDaE;L+NGF;,,E§’+N€J"2E;E}; ;b} (161)
t

This expression makes the main advantage of Ashtekar’s variables explicit: After introducing the
densitized lapse, all constraints become polynomial functions of the connection A%, its curvature
F,, and the densitized triad E® [6, 7, 8].

Mathematically, the transition from the traditional variables (hqp, 7*°) to the new variables
(AL E¢) is a canonical transformation in phase space. Physically, it represents a shift of focus
from the evolution of the spatial metric field hyy to the evolution of the connection A’ namely
connection dynamics. The advantage of this reformulation is that it makes the gravitational
theory closely resemble an ordinary Yang—Mills gauge theory. The additional Gauss constraint
Dy E{ = 0 is highly analogous to the Gauss constraint in Yang-Mills theory, thereby situating the
problem of quantizing gravity within the same structural framework as the other fundamental
interactions.

ab)

10.1.6 Reality Conditions
One final point should be emphasized. The connection
Al =T}, —iK]

a

is complex. Therefore, the Ashtekar phase space is a complexified phase space. To recover real
Lorentzian general relativity, one must impose reality conditions [8]. A convenient form is
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ESEY = hh® e R (162)

and

Al + Al = 2T (E) (163)
Equivalently, one may require
E € R, Kéz%(Aé—f@) e R (164)

Thus, the complex Ashtekar variables simplify the constraint structure, but the reality
conditions are necessary to ensure that the resulting geometry corresponds to a real Lorentzian
spacetime.
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